Graphene Electromechanical Resonators and Their Use in Thermal Detectors by Blaikie, Andrew
 
 
 
 
 
GRAPHENE ELECTROMECHANICAL RESONATORS AND THEIR USE IN 
THERMAL DETECTORS 
 
 
 
 
 
 
 
 
 
 
 
 
 
by 
 
ANDREW BLAIKIE 
 
 
 
 
 
 
 
 
 
 
 
 
 
A DISSERTATION 
 
Presented to the Department of Physics 
and the Graduate School of the University of Oregon 
in partial fulfillment of the requirements 
for the degree of 
Doctor of Philosophy  
 
June 2020 
ii 
DISSERTATION APPROVAL PAGE 
Student: Andrew Blaikie 
Title: Graphene electromechanical resonators for thermal detectors 
This dissertation has been accepted and approved in partial fulfillment of the 
requirements for the Doctor of Philosophy degree in the Physics by: 
Daniel Steck Chairperson 
Benjamín Alemán Advisor 
Raghuveer Parthasarathy Core Member 
Michael Kellman Institutional Representative 
and 
Kate Mondloch Interim Vice Provost and Dean of the Graduate School  
Original approval signatures are on file with the University of Oregon Graduate School. 
Degree awarded June 2020 
iii 
© 2020 Andrew Blaikie  
This work is licensed under a Creative Commons 
Attribution-NonCommericial-NoDerivs (United States) License 
iv 
DISSERTATION ABSTRACT 
Andrew Blaikie 
Doctor of Philosophy 
Department of Physics 
June 2020 
Title: Graphene Electromechanical Resonators and their use in Thermal Detectors 
In the quest to probe the nanoscale, new materials have been discovered. One of 
these materials is graphene, a sheet of carbon a single atom thick. An especially exciting 
application of graphene is its use in thermal detectors. These detectors sense broadband 
light by measuring an optical absorption induced temperature increase in a detecting 
material. Modern applications require that thermal detectors work at room temperature, 
while maintaining high speed and sensitivity, properties which are inherently limited by 
the heat capacity of the detector. To this end, graphene has generated interest because it 
has the lowest mass per unit area of any material, while also possessing extreme thermal 
stability and an unmatched spectral absorbance. Yet, due to its weakly temperature-
dependent electrical resistivity, graphene has failed to challenge state-of-the-art thermal 
detectors at room temperature. Here, in a departure from conventional bolometric thermal 
detection, where the temperature-dependent electrical resistance serves as a readout for 
photodetection, we use a graphene nanoelectromechanical system to detect light via 
resonant sensing. In our approach, absorbed light heats and thermally tensions a 
suspended graphene resonator, thereby shifting its resonant frequency. Using the resonant 
frequency as a readout for photodetection, we achieve a room-temperature noise-
equivalent power and bandwidth challenging the state of the art.  
v 
Despite great technological progress, scientific questions remain unanswered in 
graphene nanoelectromechanical systems, including the exact origin of their high 
mechanical dissipation, which could add noise in electromechanical sensing applications. 
Due to this high dissipation, the quality factor in suspended graphene, is orders of 
magnitude lower than in heavier bulk resonators. Here, we perform a large-scale study of 
the quality factor in suspended graphene drumheads to help further understand their 
mechanical dissipation properties. We find that the quality factor in graphene drumheads 
agrees with the predictions of a theory of dissipation dilution with a bending stiffness 
heavily modified by out-of-plane wrinkles. We find that Ga+ ion irradiation increases in-
plane stress and reduces wrinkling in graphene drumheads, improving the quality factor 
by a factor of 30.  
This dissertation includes previously published and unpublished co-authored 
material.  
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CHAPTER I 
INTRODUCTION 
Just after the turn of the 21st century, professors Novoselov and Geim discovered 
how to isolate a single layer atom thick layer of carbon at the University of Manchester1. 
This material—graphene—is made from carbon atoms arranged in a honeycomb 
structure. Their method to isolate graphene, known as mechanical exfoliation, involved 
using scotch tape to peel off graphene from pyrolytic graphite. This technique was so 
effective and easy that this area of research grew extremely quickly. Labs were able to 
begin studying this two-dimensional material with little capital investment.  
This widespread study of graphene was motivated by its remarkable material 
properties, which derive from its atomic thickness. Electric fields could not be screened 
inside the graphene, which allows an electrical conductivity that is strongly modulated by 
external electric fields. At that point, no metal or semimetal has been shown to exhibit 
any notable electric field effect1. Graphene is also the strongest material ever measured2, 
with a strength 200 times that of steel, while still maintaining flexibility. Furthermore, the 
band structure of graphene yields a flat ultra-broadband optical absorption3,4, determined 
by the fine structure constant, from the ultra-violet to microwave.  
However, the existence of graphene posed a problem. Experiments with graphene 
showed that it is a two-dimensional crystalline material, despite the fact that Mermin and 
Wagner concluded that perfect two-dimensional crystals could not exist with long range 
order5. The discrepancy was avoided by concluding that graphene was embedded in a 
larger three-dimensional structure supported by a bulk substrate. Wonderfully, just three 
years after the isolation of graphene, researchers demonstrated that freestanding graphene 
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sheets, are in fact, stable7. They concluded that random elastic deformations stabilized the 
two-dimensional crystalline structure, preserving the graphene. Due the excitement of its 
existence, extraordinary properties, and a plethora of potential applications, Novoselov 
and Geim received the 2010 Nobel Prize in Physics. 
As one of its promising applications, researchers have exploited the extraordinary 
properties of graphene to detect broadband light8. An especially exciting graphene light 
detector is a graphene thermal detector, where absorbed light is detected by the 
measuring the absorption induced temperature rise in a graphene sheet. The primary 
benefit of a thermal detector is its ability to detect light deep into the infrared, a 
notoriously difficult region of light to see. The unmatched ability of graphene to absorb 
any color of light would make it an excellent ultra-broadband thermal detector. More 
promising still, graphene’s extremely low mass-per-unit-area allows it to heat up or cool 
down quickly. With graphene’s unique properties, a graphene thermal detector could 
detect broadband light with an ultrafast response.  
Several designs have been explored to build a graphene thermal detector. A 
promising design is a graphene hot electron bolometer9–13, where at cryogenic 
temperatures, a weak electron-phonon interaction generates a thermally insulated electron 
gas with a low electronic heat capacity. This electron gas temperature can be readout 
electrically. However, due to the cryogenic temperatures needed, these designs lack 
portability. Another interesting design exploits the electric field effect in graphene to 
detect the electric charge generated in nearby optically active materials, such as quantum 
dots14 or pyroelectric crystals15. However, these devices merely use the graphene as a 
 
3 
 
transducer for the nearby optically active material, and thereby cannot directly exploit the 
low mass and broadband absorption of graphene.  
Despite the promise, previous research on freestanding graphene based thermal 
detectors have failed to produce a competitive technology when operating at ambient 
temperatures. The primary challenge is that any thermal detector must possess a large 
thermal responsivity, where some measurable aspect of the material reversibly and 
strongly changes with rising temperatures. This thermal responsivity is typically achieved 
with a temperature-dependent electrical resistance. Thermal detectors that use a 
temperature-dependent electrical resistance for the thermal responsivity are called a 
bolometer. For industry standard materials such as vanadium dioxide, this temperature-
dependent electrical resistance is typically 2 - 4 % K-1 (ref. 16).  Unfortunately, graphene 
has an incredibly weak temperature-dependent electrical resistance17, 0.15 % K-1, 
frustrating advancements in ambient temperature graphene bolometry.  
The lack of advancements in ambient temperature graphene-based thermal 
detection motivate new approaches. Fortunately, graphene has a suite of exciting 
mechanical properties. In 2008, researchers showed that freestanding graphene has a 
strong mechanical resonance, where a freestanding graphene sheet resonates when 
vibrated at a particular frequency18. These electrically actuated suspended graphene 
sheets (called graphene electromechanical resonators) are the thinnest mechanical 
resonator ever created. Because of their atomic thickness, and thus ultra-low mass, the 
resonance frequency of these suspended graphene sheet becomes very sensitive to any 
changes in its surrounding environment. Consequently, graphene electromechanical 
resonators have incredible sensitivity to charge18, mass19, force20, and pressure21.  More 
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exciting still, graphene electromechanical resonators have remarkable thermal properties. 
Freestanding graphene is thermally stable up to at least 2600 K (ref. 22) and graphene 
electromechanical resonators have been measured even when operating at 1200 C (ref. 
23). Fortunately, this resonant frequency changes with temperature, at 2% K-1 (ref. 24), in 
line with the responsivity with other industry standard materials, and is much higher than 
graphene’s temperature-dependent electrical resistance17 at 0.15 % K-1. 
In this dissertation, we show how to construct and operate an ambient temperature 
graphene thermal detector with record speed and sensitivity. This is accomplished by 
exploiting the interaction between mechanical motion and thermal heating. We call this 
type of graphene thermal detector a graphene nanomechanical bolometer. It is created by 
stretching a sheet of freestanding graphene over a hole etched into a silicon chip. This 
graphene electromechanical resonator vibrates at a known consistent resonance 
frequency. That is, until it absorbs light. When exposed to even tiny amounts of light the 
graphene resonator rapidly heats up (in as fast as one millionth of a second). This heat 
tightens the suspended graphene sheet, changing the resonance frequency. By tracking 
changes in the resonance frequency, we can determine the precise amount of light hitting 
the graphene. In this way, we turn a graphene electromechanical resonator into a thermal 
detector. 
Despite all of the technological progress made with graphene electromechanical 
resonators, scientific questions still remain about the physical dissipation mechanisms, 
which could affect the noise in graphene sensors, such as the graphene nanomechanical 
bolometer. Based off the mechanical strength, thickness, and elastic modulus of 
freestanding graphene sheets, typical graphene electromechanical resonators have a 
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mechanical dissipation hundreds of times larger than expected25–27. Researchers have 
only noted trends in dissipation, such as a linear dependence with size27, but have not 
fully explained why dissipation is low.  
This dissertation describes experiments undertaken to explore the dissipation and 
quality factor in graphene electromechanical resonators. We use a theory called 
dissipation dilution to model the quality factor, which assumes that energy is primarily 
stored in elongation and that bending losses dominate the dissipation. Our results indicate 
that elastic deformations (wrinkles) in suspended graphene sheets greatly increase the 
bending stiffness of the graphene, which increases the bending losses, which explains 
their higher dissipation. Furthermore, we find that exposing the graphene sheet to large 
amounts of Ga+ ion irradiation is able to apply enough stress to reduce these wrinkles and 
thus reduce the mechanical dissipation.  
This dissertation is laid out in 6 chapters. In chapter 2, we describe how to 
construct and operate graphene electromechanical resonators. We describe the multi-step 
photolithography procedure used in order to construct the silicon supporting substrate. 
Next, we show how a semi-dry transfer of chemical vapor deposition grown graphene is 
used to suspend graphene over circularly etched holes to make graphene drumheads. 
Then we show how the graphene resonators can be cut with a tightly focused Ga+ ion 
beam to construct graphene trampoline resonators, which make the most sensitive 
graphene thermal detectors. We describe how to electronically actuate these devices with 
a capacitive back-gate. Finally, we show how to readout their motion with Fabry-Perot 
interferometry.   
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In chapter 3, we describe the relevant physics needed to understand the 
electromechanics of graphene resonators. First, we begin by describing the role of 
bending energy and elastic energy when determining the mode shape and resonance 
frequencies in graphene circular drumheads. Next we define the quality factor of the 
resonance and show how it relates to dissipation. Then we describe in detail the 
capacitive interaction with the biased back-gate. The capacitive back-gate is inherently 
nonlinear, can lead to both frequency tuning and the extraction of the stress, modulus, 
and mass density of the graphene sheet, by sweeping the voltage.  
In chapter 4, we describe the graphene nanomechanical bolometer and the 
experiments performed. We show that the thermal detector can achieve sensitivities 
comparable to the state-of-the-art microbolometers with record bandwidths, due to 
graphene’s low heat capacity. We also describe the differences between different types of 
graphene electromechanical resonators in speed and sensitivity.  
In chapter 5, we discuss our experiments on the role of wrinkles in the dissipation 
in graphene drumheads and describe how graphene resonators can be engineered to have 
low dissipation. The wrinkles in freestanding graphene greatly increase the dissipation in 
graphene electromechanical resonators. We also show how Ga+ irradiation can 
dramatically increase the quality factor in graphene drumheads. These results pave the 
way to more exciting applications in graphene electromechanical resonators. 
We conclude this exploration of graphene electromechanical resonators and their 
use in thermal detectors in chapter 6. We summarize the findings of this dissertation 
research and describe these results in the context of graphene research.  
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CHAPTER II 
CONSTRUCTION OF GRAPHENE RESONATORS 
 
In this chapter, I provide an overview of how graphene resonators are fabricated, 
shaped, actuated, and transduced. I discuss the multi-step photolithography procedure for 
how the silicon supporting substrate is prepared and discuss how the graphene is 
transferred onto the substrate. Finally, I describe how the graphene resonators are 
actuated with a capacitive force and transduced with optical interferometry.  
 
2.1.  Fabrication of Suspended Graphene Drumheads 
The graphene nanomechanical resonators fabricated for this work are made by 
suspending a monolayer or bilayer sheet of chemical vapor deposition grown graphene 
over a lithographically patterned hole etched into SiO2 grown on a Si++ wafer. To prepare 
the Si++ supporting substrate we used standard semiconductor processes which is outlined 
in Figures 2.1a-k. We began by growing 1 µm of wet thermal oxide on ~ 5 x 5 mm 
degenerately doped Si++ wafers at 1100 C for ~ 2 hours in a tube furnace. To ensure that 
the oxide did not have any scratches that could lead to an electrical short, the wafers were 
baked in in 1100 C tube furnace with flowing dry O2 for 30 minutes. To expose the 
backside of the Si++, the topside SiO2 was covered with 2 layers of AZ1512 photoresist 
and the substrate was etched in HF 5:1 BOE until the backside oxide was removed. 
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Next, we patterned 6-8 µm diameter holes with AZ1512 photoresist and a direct 
write laser photolithography system. The wafers were sonicated in acetone for 10 minutes 
to remove organic residue, which was followed by an IPA rinse. Any water residue was 
Figure 2.1: The fabrication procedure for the silicon support substrate. (a) Clean a Si++ 
5x5 mm wafer. (b) Grow 1 μm of wet oxide on the wafer in a 1100 C tube furnace. (c) 
Spin on two layers of AZ1512 photoresist at 4000 rpm. (d) Etch the oxide on backside of 
the wafer in HF 5:1 BOE. (e) Remove the photoresist in acetone and clean the wafer. (f) 
Pattern AZ1512 photoresist with a direct write photolithography system to expose 
circular holes (g) Use a dry inductively coupled etch of argon and CHF3 to etch 600 nm 
of oxide with vertical sidewalls. (h) Remove the photoresist in acetone and clean the 
wafer. (i) Pattern AZ1512 photoresist with direct write photolithography system to 
expose an area for metal electrodes. (j) Evaporate platinum with a titanium adhesion layer 
to create electrodes. (k) Remove the photoresist with sonication in acetone. Clean the 
finished the silicon support substrate. 
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next removed by placing the wafers on a hot plate at 400 C for 10 minutes. Next, to 
ensure a hydrophobic surface, the wafers were exposed to an opened vile of HMDS in an 
enclosed volume (~ 1 liter) for 1 hour. A MicroChem AZ1512 resist was spun on at 4000 
rpm for 30 seconds on a Laurell Technologies spin coater. The photoresist was then soft 
baked at 105 C for 2 minutes to remove all of the solvent from the photoresist. The 
photoresist was exposed with a direct write photolithography system with an exposure 
dose of 380 mJ cm-2 using a 1 μm spot size objective. The resist was developed in an 
MicroChem 300 MIF TMAH developer for 1 minute with gentile agitation. 
We etched 600 nm deep into the exposed SiO2 with a dry inductively coupled 
plasma etch using CHF3 and Ar which etched at a rate of ~75 nm per minute. To keep 
etch rates constant, we kept the plasma exposure to cycles under 2-minute intervals. By 
leaving 400 nm of oxide intact, any collapsed graphene could not cause a short between 
the suspended graphene and the Si++. The photoresist was then removed with an acetone 
sonication for 10 minutes. 
We then patterned metal electrodes using another AZ1512 direct write 
photolithography step. The procedure to prepare the wafer and pattern the photoresist was 
the same as described previously. We then evaporated 5/50 nm Ti/Pt using electron beam 
evaporation. We removed the photoresist by first soaking the wafers in acetone for 2 
hours. Then, we sonicated the acetone for 10 minutes, which removed the photoresist and 
left the metal electrodes intact. Altogether, this multi-step photolithography process was 
sufficient to make the supporting substrates that were ready for a graphene transfer.  
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To transfer the graphene onto the supporting substrate we used a semi-dry 
graphene transfer process outlined in Figure 2.2a-f. We used commercial CVD graphene 
grown on copper foil (Graphenea) for the transfer. Any graphene on the backside of the 
foil was removed with an oxygen plasma etch. Next, a 3-micron thick layer of PMMA 
A11 resist was spun onto the graphene side of the copper foil. Then, a 1 mm thick piece 
of PDMS with a ~1 cm diameter hole punched through the middle of it was placed on top 
of the Graphene/Cu stack. A thin plastic backing was left on the PDMS to increase the 
Figure 2.2: Semi-dry transfer of CVD grown graphene onto the silicon support substrate. 
(a) Spin on PMMA resist onto the graphene side of the graphene grown on copper foil (b) 
Place a PDMS with a large hole removed onto the PMMA. This step adds significant 
rigidity to the foil. (c) Etch the copper by floating the foil in a bath of ammonium 
persulphate. (d) Using tweezers place the graphene onto the silicon support substrate at 
155 C. (e) Peal off the PDMS layer and leave the graphene/PMMA on the wafer at 155 C 
for 16 hours. (f) Remove the PMMA layer in a tube furnace flowing H2 and Ar for 3 
hours.  
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rigidity of the film. Next, the stack was placed copper side down in a solution of 
ammonium persulphate (40 mg/ml) to etch away the copper. The relatively rigid 
PDMS/PMMA/Gr stack was picked up with tweezers and placed in three sequential 
water baths and then dried in air. Concurrently, the target supporting substrate was 
prepared by cleaning it in oxygen plasma before placing it on a hot plate at 155 C.  
The now dry PDMS/PMMA/Graphene stack was placed on top of the hot 
substrate with the through hole covering the entirety of the active area of the chip. The 
substrate was left on this 155 C hot plate for ~16 hours to improve adhesion between the 
graphene and the SiO2. The PDMS was then peeled away and the PMMA was removed 
in a tube furnace, by flowing Ar and H2 at 350 C for 3 hours. Sharp tweezers were used 
to scratch any graphene off the perimeter of the substrate to prevent shorting to the Si++ 
gate.  
In order to mount the substrate into a vacuum chamber with electrical actuation 
the substrate was placed in a dip package. The substrate was glued to the dip package 
Figure 2.3: Graphene nanomechanical resonators mounted in a dip-package. Photograph 
of graphene NEMS device mounted in the dip package. 
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with conductive epoxy. This allowed the backside Si++ to be electrically addressed. The 
topside platinum electrodes were wire bonded to the top of the dip package. This system 
is shown in a photograph of one such device is shown in Figure 2.3.  
 
2.2.  Focused Ion Beam Cutting of Graphene Trampolines 
We shaped some of the graphene drumheads into graphene trampolines with a 
focused ion beam, which is shown in a schematic in Figure 2.4a. FIB shaping was 
performed in a FEI Helios 600i SEM-FIB with a focused Ga+ ion source. The ion-beam 
current and voltage were 1.1 pA and 30 kV, respectively. To fabricate a trampoline, four 
circle line cuts were used to cut into a graphene drumhead using a single beam pass and a 
dwell time of 1 ms, which was enough to etch completely through the suspended 
graphene sheet. The high tension in the graphene sheet causes the graphene inside the 
circular cut to pull away from the trampoline resonator and collapse into the cavity. The 
FIB fabrication technique has a yield of near 100%, with device failures typically due to 
holes or other defects present in the graphene prior to milling. Although the FIB milling 
likely induces additional disorder in the graphene sheet, it still maintains its electrical, 
mechanical, and thermal properties.  
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2.3.  Operation of Graphene Electromechanical Resonators 
The graphene nanomechanical resonators interact strongly with an electrostatic 
back-gate. We apply a bias voltage with both a DC offset term and a rf term so that the 
total voltage is 𝑉 = 𝑉!" + 𝑉#"sin	(𝜔𝑡). In our system, 𝑉!" is typically much larger than 
𝑉#" so we can write the electrostatic force with an offset force term and an oscillating 
force term at frequency 𝜔, 
𝐹 =
1
2 /
𝑑𝐶
𝑑𝑧3𝑉
$ ≈ −
1
2 /
𝑑𝐶
𝑑𝑧3𝑉!"
$ − /
𝑑𝐶
𝑑𝑧3𝑉!"𝑉#" sin
(𝜔𝑡) (2.1) 
Figure 2.4: A focused ion beam cuts a graphene drumhead into a graphene trampoline. 
(a) Schematic of the focused Ga+ beam used to cut into the graphene drumhead. (b) 
Schematic of the fully cut suspended graphene trampoline. (c) Scanning electron 
microscope image of a graphene drumhead. (d) Scanning electron microscope image of a 
graphene drumhead. 
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Therefore, the driving force at frequency 𝜔 is proportional to both the DC offset voltage 
and the RF voltage, 𝐹% ∝ 𝑉!"𝑉#". In addition to supplying the driving force to actuate 
motion in our graphene resonators, the electrostatic gate provides a way to tune the 
resonance frequency of the device which is discussed more in chapter 3.  
The motion of the graphene mechanical resonators was transduced with optical 
interferometry and lock-in amplification, which can be seen as a schematic in Figure 
2.5a. A 633 nm probe laser (< 1 µW) was focused down onto the graphene resonators 
through a viewport in the vacuum chamber using a 40x, 0.6 NA objective. A low-finesse 
Fabry-Perot cavity, formed between the Si++ and the graphene, applies a small 
modulation to the reflected light as the resonator vibrates. We used a polarizing beam 
splitter and a quarter waveplate to split the reflected light from the incident beam. The 
intensity of the reflected beam was converted to a voltage using a silicon avalanche 
photodiode before being fed into a lock-in amplifier referenced to the applied 𝑉#" 
electrical drive signal. The mode shape of the graphene drums28 could be visualized by 
scanning the 633 nm probe laser across the device using a fast steering mirror with 
diffraction limited resolution. All measurements were done under vacuum at less than 10-
5 Torr to minimize air damping. The vacuum chamber used is pictured in Figure 2.5b. 
 
15 
 
 
 
  
Figure 2.5. Optical measurement platform and apparatus. (a) Sketch of the optical 
interferometer setup used to measure the motion of and apply heating radiation to the 
suspended graphene. (b) Vacuum chamber that the graphene trampolines were placed in. 
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CHAPTER III 
ELECTROMECHANICS OF GRAPHENE DRUMHEADS 
 
In this chapter, I provide an overview of the equations of motion and solutions for 
a vibrating graphene drumhead. I also discuss how an electrostatic back-gate is used to 
both actuate motion and tune the resonance frequency. The electrostatic force applied by 
this gate is inherently nonlinear, which allows for the calculation of the initial in-plane 
stress, the in-plane elastic modulus, and mass-per-unit-area of the graphene drumheads.  
 
3.1.  Mode Shape and Resonance Frequency for a Graphene Drumhead 
We begin by defining all of the relevant energy terms in a vibrating graphene 
drumhead. The kinetic energy of the membrane is then given by the integral  
𝑇 =
𝜌
2:𝑑𝐴
(?̇?)$ , (3.1) 
where 𝜌 is the mass per unit area of the drumhead, ∫ 𝑑𝐴 is the area integral over the 
suspended region of the drumhead, ?̇? = 𝑑𝑢/𝑑𝑡 is the time derivative of the out-of-plane 
displacement, and 𝑢(𝑟, 𝑡) gives the out-of-plane displacement of the graphene membrane.  
The vibrating drumhead also has potential energy components. The potential 
energy due to in-plane stress is conservative, and can be calculated from the gradient of 
the out-of-plane displacement 
𝑈& = :𝑑𝐴
𝜎
2
(∇𝑢)$ , (3.2) 
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where 𝜎 is the initial in-plane stress. There is also a dissipative bending potential energy 
which has an energy that can be calculated from the Laplacian of the out of plane 
displacement  
𝑈' = :𝑑𝐴
𝜅
2
(∇$𝑢)$ , (3.3) 
where 𝜅 is the bending stiffness. There also exist higher-order nonlinear potential energy 
terms associated with deformation induced stress, also known as self-stress. However, we 
actuate the graphene drumheads with small displacements so that these terms may be 
ignored for now.  
We find the equations of motion with the Lagrangian approach. The Lagrangian 
of the vibrating graphene drumhead has the form 
ℒ = :𝑑𝐴
𝜌
2
(?̇?)$ −:𝑑𝐴
𝜅
2
(∇$𝑢)$ −:𝑑𝐴
𝜎
2
(∇𝑢)$ , (3.4) 
ℒ = ∫ 𝑑𝐴 J
𝜌
2
(?̇?)$ −
𝜅
2
(∇$𝑢)$ −
𝜎
2
(∇𝑢)$K , (3.5) 
The Euler-Lagrange equation that minimizes the action of this integral is 
𝑑
𝑑𝑡 /
𝜕ℒ
𝜕?̇?3 + ∇
𝜕ℒ
𝜕(∇𝑢) − ∇
$ /
𝜕ℒ
𝜕(∇$𝑢)3 = 0,
(3.6) 
which gives the equation of motion 
∇$(𝜅∇$𝑢) − 𝜎∇$𝑢 + 𝜌?̈? = 0. (3.7) 
This is the Poisson Kirchhoff equation of motion for a vibrating plate. To find a solution 
to this equation, we use separation of variables to let 𝑢(𝑟, 𝑡) = u(𝑟)sin(𝜔(𝑡), to separate 
the time varying component from the mode shape u(𝑟). For mathematical simplicity, we 
also assume that the bending stiffness 𝜅 and the in-plane stress 𝜎 are constant over the 
membrane. Plugging into Equation 3.7, we simplify the equation to be 
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𝜅∇)u − 𝜎∇$u − 𝜔($𝜌u = 0. (3.8) 
This equation of motion has the general solution29 in polar coordinates 
u(𝑟, 𝜃) = (𝐴*𝐽*(𝛼𝑟) + 𝐵*𝐼*(𝛽𝑟)) cos(𝑛𝜃 + 𝜙*) , (3.9) 
𝛼$ =
𝜎
2𝜅 _/1 +
4𝜔(𝜌𝜅
𝜎$ 3
+
$
− 1` , (3.10) 
𝛽$ =
𝜎
2𝜅 _/1 +
4𝜔(𝜌𝜅
𝜎$ 3
+
$
+ 1` , (3.11) 
where 𝐽* is the Bessel function of the first kind, 𝐼* is the modified Bessel function of the 
first kind, and 𝐴*, 𝐵*, and 𝜙* are constants determined by boundary and initial 
conditions. For a clamped circular plate of radius 𝑎, (which models a graphene 
drumhead), the mode shape must obey the boundary conditions ∇u(𝑟 = 𝑎, 𝜃) = 0 and 
u(𝑟 = 𝑎, 𝜃) = 0. For these boundary conditions, the solution29 has the mode shape  
u(𝑟, 𝜃) = 𝑥 c𝐽* J𝛼
𝑟
𝑎K −
𝐽*(𝛼)
𝐼*(𝛽)
𝐼* J𝛽
𝑟
𝑎Kd cos
(𝑛𝜃) sin(𝜔𝑡) , (3.12) 
where 𝐽* is the Bessel function of the first kind, 𝐼* is the modified Bessel function of the 
first kind, 𝑎 is the membrane radius, and 𝑥 is the amplitude of oscillation (there also 
exists a degenerate solution with sin(𝑛𝜃) in place of cos(𝑛𝜃) for 𝑛 > 1). The parameters 
𝛼 and 𝛽 are determined from the coupled equations 
𝛼
𝐽*,+(𝛼)
𝐽*(𝛼)
+ 𝛽
𝐼*,+(𝛽)
𝐼*(𝛽)
= 0, (3.13) 
𝛽$ − 𝛼$ =
𝜎𝑎$
𝜅
≝
1
𝜆$
, (3.14) 
where 𝜆 is defined as the dilution parameter. The first term in Equation 3.12, proportional 
to 𝐽* J𝛼
-
.
K, predominantly describes the mode shape away from the clamping region, and 
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the second term, proportional to 𝐼( J𝛽
-
.
K, adjusts the mode shape to account for the 
clamped edges. The resonance frequency of the solution is given by,  
𝜔( =
/
.!
h&.
!
0
+ '/
!
0
. (3.15)
This mode shape and resonance frequency describes the solution to a clamped circular 
plate.  
However, in the limit of a plate with ultra-low bending stiffness the solution can 
be simplified to recover the commonly used drumhead mode shape for a thin membrane. 
Typically, 𝜅 ∝ ℎ1, where ℎ is the thickness of the membrane, which in the case of 
graphene, is less than a nanometer. Given the atomic thickness of a graphene sheet, we 
discuss this simplification. Namely, we make the assumption that the in-plane stress 
energy is much larger than the bending stiffness, 𝜎𝑎$ ≫ 𝜅. First, this allows us to make 
the approximation, 𝛽 ≫ 1, which predicts, 2"#$(4)
2"(4)
→ 1, which then allows us to simplify 
Equation 3.13 to  
𝐽*(𝛼) +
𝛼
𝛽 𝐽*,+(𝛼) ≈ 0.
(3.16) 
Moreover, since 𝛽 ≫ 1, we can approximate 𝛼 is the root of the equation 𝐽*(𝛼) ≈ 0 
according to Equation 3.16. This allows us to write the mode shape as 
u(𝑟, 𝜃) = 𝑥 c𝐽* J𝛼
𝑟
𝑎K +
𝛼
𝛽
𝐽*,+(𝛼)
𝐼*(𝛽)
𝐼* J𝛽
𝑟
𝑎Kd cos
(𝑛𝜃) (3.17) 
Next, we can drop the term proportional to 1/𝛽	 in Equation 3.17 to get the simplified 
mode shape, 
u(𝑟, 𝜃) ≈ 𝐴	𝐽* J𝛼
𝑟
𝑎K cos
(𝑛𝜃) , (3.18) 
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where we note that there also exists a degenerate solution with sin(𝑛𝜃) in place of 
cos(𝑛𝜃) for 𝑛 > 1. The first four mode shapes are shown in Figure 3.1a-d. This is the 
well-known drumhead solution to the membrane equation 
𝜎	∇$𝑢 = 𝜌
𝜕$𝑢
𝜕𝑡$
	 , (3.20) 
with circular clamping conditions. Furthermore, the resonance frequency approaches that 
of the membrane approximation 
𝑓( ≈
𝛼
2𝜋	𝑎	 n
𝜎
𝜌
. (3.21) 
Typically, graphene drumheads are described with the membrane 
approximation28,30, and, in most cases this is a valid assumption. Quantitatively, the 
membrane approximation is valid in the regime where the dilution parameter is small, 
𝜆 = h '&.! ≪ 1, which characterizes the energy stored in bending relative to in-plane 
stress. Despite measurements31 finding that the bending stiffness is orders of magnitude 
higher than expected, graphene drumheads are well approximated by the membrane 
equation. Measurements found values of 𝜅+~5 keV (ref. 31), 𝑇~0.05 N m-1 (ref. 30), and 
𝑎~5 ×10-5 m (ref. 27), which predicts 𝜆 = h '$&.!~0.025 ≪ 1, which is consistent with 
this approximation.  
Yet, there are situations when this approximation breaks down and the full 
solution that takes into account bending energy is needed. We will show that the bending 
at the clamped edges cannot be ignored in order to describe dissipation in graphene 
electromechanical resonators. Furthermore, we show that the bending stiffness limits how 
sensitive a graphene nanomechanical thermal detector can be, whereas the membrane 
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approximation predicts an infinite sensitivity for a graphene drumhead with no initial in-
plane stress. Therefore, the plate solutions given in Equations 3.12, 3.13, and 3.14, are 
necessary to describe the physics of a vibrating graphene drumhead.  
 
3.2.  Quality Factor in a Graphene Drumhead 
When a periodic force acting on a suspended graphene sheet is applied near the 
resonance frequency of the resonator its amplitude of motion increases dramatically. The 
quality factor, 𝑄, characterizes the strength of this amplitude enhancement. 
Quantitatively, the quality factor is defined as the ratio of the resonance frequency to the 
full-width-half-max of the resonant amplitude, 𝑄 = 𝑓(/Δ𝑓.  
In graphene NEMS, 𝑄~10$ (ref. 27), and in the limit where 𝑄 ≫ 1,	the resonator 
amplitude of motion can be approximated as a damped-driven-harmonic oscillator32 
according to  
Figure 3.1: Drumhead membrane mode shapes for the first four resonance frequencies. 
(a) The fundamental drumhead mode, u+(. (b) The degenerate first fundamental mode, 
u++. (c) The degenerate u+$ mode. (d) The non-degenerate u$( mode. 
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𝑑$𝑥
𝑑𝑡$
+ 2𝛽
𝑑𝑥
𝑑𝑡
+ 𝜔($𝑥 = 𝐹 cos(𝜔𝑡) , (3.22) 
where 𝐹 is the driving force amplitude, 𝜔 = 2𝜋𝑓, and 𝜔( = 2𝜋𝑓( and 𝛽 is an 
experimentally determined damping constant. 
For the graphene drumheads we fabricate, we typically find a quality factor27, 
𝑄 > 50, the amplitude and phase can be modeled by the equations, 
x =
𝐹6
u(𝜔($ − 𝜔$)$ + 4𝜔$𝛽$
, (3.23) 
 
𝜙 = arctan y
2𝛽𝜔(
𝜔($ − 𝜔$
z , (3.24) 
where 𝑥 is the amplitude and 𝜙 is the phase between the amplitude and the driving force. 
We measure the resonance frequency for an 8 μm diameter graphene drumhead in 
Figure 3.2a by sweeping the amplitude vs. driving frequency, where we fit a quality 
factor of 𝑄~720. We confirm that the fundamental mode is measured by scanning the 
scanning the laser interferometer across the drumhead and measure the amplitude as seen 
in Figure 3.2b.  The reflected beam was measured using a silicon avalanche photodiode 
and referenced to the applied 𝑉#" drive signal with a lock-in amplifier. 
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3.3.  Interaction with Electrostatic Gate 
 
The graphene drumhead feels a strong electrostatic force when a bias voltage is 
applied to the graphene – Si++ system. This force pulls the graphene down towards the 
substrate which tightens the drumhead. Therefore, a large 𝑉!" can be used to tune the 
resonance frequency by changing the tension. In this section, we analyze the capacitive 
energy term in the Lagrangian to understand how it can be used to tune the resonance 
frequency.  
To understand how this back-gate interacts with the graphene drumhead, we first 
define the capacitance of the graphene–SiO2–Si++ system in more detail, which is shown 
Figure 3.2: Measurement of the resonance frequency for a graphene drumhead. (a) 
The amplitude vs. driving frequency curve for an 8 μm diameter graphene drumhead 
near the fundamental mode resonance. (b) The mechanical mode shape as the 
drumhead is driven on resonance. A diffraction limited laser was scanned across the 
drumhead to produce this curve.  We plot the amplitude of the reflected 
interferometric signal at the driving frequency vs. position to create this mode map.  
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in Figure 3.3. The capacitance of the system can be written as the sum of capacitors in 
parallel, 
1
𝐶
=
𝑑7
𝜖(𝐴
+
𝑑8
𝜖(𝜖9𝐴
=
𝑑
𝜖(𝐴
, (3.25) 
where 𝐴 is the area of the drumhead and 𝜖9 = 3.9 is the relative permittivity of SiO2, 𝑑7 
is the distance between the suspended graphene and oxide (which is in vacuum), and 𝑑8 
is the thickness of the oxide between the Si++ and vacuum. These distances 𝑑7 and 𝑑8 are 
measured with atomic force microscopy. The effective distance can be written as 𝑑 =
𝑑7 +
:%
;&
. The electrostatic back gate has a capacitive energy of  
𝐸< =
𝜖(𝑉=<$
2 :
𝑑𝐴
𝑑 − 𝑢 .
(3.26) 
The graphene membrane will undergo a large static deformation in the presence 
of this force. Therefore, we now need to include the nonlinear self-stress energy term. 
This self-strain term and can be written as the integral30 
𝑈> =
𝐶
16y
∫𝑑𝐴(∇𝑢)$
∫ 𝑑𝐴
z:𝑑𝐴(∇𝑢)$ (3.27) 
where 𝐶 = >
+?@!
, and 𝑌 is the in-plane elastic modulus. The Lagrangian of the graphene 
membrane interacting with the electrostatic gate now has the form	
Figure 3.3: Sketch of a GNB cross-section. 𝑑A is the distance between the suspended 
graphene and the SiO2. 𝑑B is the oxide layer thickness protecting the silicon back gate. 
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ℒ =
𝜌
2:𝑑𝐴
(?̇?)$ −
𝜎
2:𝑑𝐴
(∇𝑢)$ −
𝐶
16y
∫𝑑𝐴(∇𝑢)$
∫ 𝑑𝐴
z:𝑑𝐴(∇𝑢)$ +
𝜖(𝑉!"$
2 :
𝑑𝐴
𝑑 − 𝑢 .
(3.28) 
We approximate the solution to 𝑢(?⃗?, 𝑡) to have two components, a static 
displacement and an oscillating component. To second order, the static displacement will 
have the mode shape u((𝑟) = /1 − J
-
.
K
$
3, which assumes a parabolic deflection due to 
the back-gate (which is the solution to a stressed circular membrane under constant 
force). The term oscillating at the fundamental resonance frequency has the approximate 
mode shape from the membrane equation u+(𝑟) = 𝐽( J
-
.
𝛼K. Therefore, we make the 
simplification that mode shape will have the form,	 
𝑢 ≈ 𝑥(u((𝑟) + 𝑥	u+(𝑟). (3.29) 
The kinetic energy of the membrane is then given by the integral 
𝑇 =
𝜌
2:𝑑𝐴
(?̇?)$ =
𝜌
2 ?̇? :𝑑𝐴
(u+)$ , (3.30) 
by plugging in the trial solution given in Equation 3.29 into the kinetic energy term. In 
our system, the displacements are small compared to the size of the cavity, so that to 
x, x( ≪ 𝑑 and so we can expand the bias voltage term throwing out terms in J
C
:
K
1
 and 
higher. Performing this expansion, we find the capacitive energy term simplifies to 
𝐸< =
𝜖(𝑉$
2 :
𝑑𝐴
𝑑 − 𝑢 ≈
𝜖(𝑉!"$
2	𝑑 :𝑑𝐴 y1 +
𝑢
𝑑 +
𝑢$
𝑑$z .
(3.31) 
Next, we expand these terms according to Equation 3.29 
𝐸< ≈
𝜖(𝑉!"$
2	𝑑 𝑥 /:𝑑𝐴u+ +
2𝑥(
𝑑$ 	: 𝑑𝐴u(u+3 +
𝜖(𝑉!"$
2	𝑑1 𝑥
$:𝑑𝐴u+$ + 𝑐𝑜𝑛𝑠𝑡, (3.32) 
where we group all terms in terms of 𝑥. The potential energy due to initial in-plane stress 
can be written in the same way so that 
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𝑈& = 𝜎𝑥(𝑥 :dA(∇u+)(∇u() +
𝜎
2 𝑥
$:𝑑𝐴(∇u+)$ + 𝑐𝑜𝑛𝑠𝑡. (3.33) 
The self-stress term has can also be expanded,  
𝑈> =
𝐶
16y
∫𝑑𝐴(∇𝑢)$
𝜋𝑎$ z:𝑑𝐴
(∇𝑢)$ (3.34) 
𝑈> =
𝐶
𝜋𝑎$16 /𝑥
$𝑥($ /2:𝑑𝐴(∇u()$:𝑑𝐴(∇u+)$ + 4:dA(∇u+)(∇u()3
+ 4	𝑥	𝑥(1:𝑑𝐴(∇u()$:dA(∇u+)(∇u()3 + 𝑐𝑜𝑛𝑠𝑡 + 𝑂(𝑥1),														(3.35) 
where we also drop terms of order 𝑥1 and higher.  
The constants terms represent a constant offset in energy, which is independent of 
the amplitude of vibration. Any terms of order 𝑥1 or higher have been dropped for small 
amplitude vibrations, because the graphene resonators are always driven with small 
amplitudes. Altogether, the Lagrangian can be written as 
𝐿 ≈
𝜌
2 𝕀++?̇?
$ −
1
2cy𝜎 +
𝐶𝑥($
4𝜋𝑎$𝕂((z𝕂++ +
𝐶𝑥($
2𝜋𝑎$𝕂+(
$ −
𝜖(𝑉$
𝑑1 𝕀++d𝑥
$
− _cy𝜎 +
𝐶𝑥($
4𝜋𝑎$𝕂((z𝕂+(d𝑥( −	
𝜖(𝑉$
2	𝑑$ /𝕀+ +
2𝑥(
𝑑 𝕀+(3`𝑥,															(3.36) 
where 𝕀 and 𝕂 are defined by the integrals,	
𝕀( = :𝑑𝐴	u+ =
2𝜋𝑎$
𝛼
𝐽+(𝛼), (3.37) 
𝕀++ = :𝑑𝐴	(u+)$ = 𝜋𝑎$𝐽+(𝛼)$, (3.38) 
𝕀+( = :𝑑𝐴u+u( =
4𝜋𝑎$
𝛼$
	𝐽$(𝛼), (3.39) 
𝕂(( = :𝑑𝐴(∇u()$ = 2𝜋, (3.40) 
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𝕂+( = :𝑑𝐴(∇u+∇u() = 4𝜋𝐽$(𝛼), (3.41) 
𝕂++ = :𝑑𝐴	(∇u+)$ = 𝜋𝛼$𝐽+(𝛼)$. (3.42) 
Next, we use the Euler-Lagrange equation to find the equations of motion for the 
amplitude of vibrations 𝑥 
𝑑
𝑑𝑡 /
𝜕𝐿
𝜕?̇?3 −
𝜕𝐿
𝜕𝑥 = 0,
(3.43) 
where we find the equation of motion 
𝜌𝕀++?̈? + cy𝜎 +
𝐶𝑥($
4𝜋𝑎$𝕂((z𝕂++ +
𝐶𝑥($
2𝜋𝑎$𝕂+(
$ + 𝜅𝕁++ −
𝜖(𝑉$
𝑑1 𝕀++d𝑥
= y𝜎 +
𝐶𝑥($
4𝜋𝑎$𝕂((z𝑥(𝕂+( + 𝜅𝑥(𝕁+( −	
𝜖(𝑉$
2	𝑑$ /𝕀+ +
2𝑥(
𝑑 𝕀+(3.											(3.44) 
This equation of motion can be cast into the form of the simple harmonic oscillator by 
equating the constants in this equation to match ?̈? + 𝜔$𝑥 = 0, which gives the coupled 
equations 
𝜔$ = y
𝜎
𝜌 +
𝐶𝑥($
4𝜋𝑎$𝜌𝕂((z
𝕂++
𝕀++
	+
𝐶𝑥($
2𝜋𝑎$𝜌
𝕂+($
𝕀++
	−
𝜖(𝑉$
𝑑1𝜌 ,
(3.45) 
 and 
cy𝜎 +
𝐶𝑥($
4𝜋𝑎$𝕂((z𝕂+(d𝑥( −	
𝜖(𝑉$
2	𝑑$ /𝕀+ +
2𝑥(
𝑑 𝕀+(3 = 0.
(3.46) 
By plugging in the 𝕀 and 𝕂 integral solutions we simplify Equations 3.45 and 3.46 to be 
𝜔$ =
𝜎
𝜌
𝛼$
𝑎$ 	−
𝜖(𝑉$
𝜌𝑑1 +
𝑌
𝑎)𝜌(1 − 𝜈$) 𝑥(
$ c
1
2𝛼
$ + 8y
𝐽$(𝛼)
𝐽+(𝛼)
z
$
d , (3.47) 
𝜖(𝑉$
4	𝑑$
𝑎)
𝛼
𝐽+(𝛼)
𝐽$(𝛼)
	−
𝑌
2(1 − 𝜈$) 𝑥(
1 = c𝜎𝑎$ −
4𝜋𝑎)𝜖(𝑉$
𝛼$𝑑1 	𝐽$
(𝛼)d 𝑥(. (3.48) 
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These coupled equations can be further simplified for lower bias gate voltages 
such that 𝑥( ≪ 𝑎, 𝑑. In this limit, the static displacement, 𝑥(, can be solved in Equation 8 
to find  
𝑥( ≈
	𝜖(𝑉$𝑎$
8	𝑑$𝜎
. (3.49) 
This approximation for the static displacement can be plugged into Equation 3.47 to find 
the resonance frequency, where 
𝜔$ =
𝜎
𝜌
𝛼$
𝑎$
	−
𝜖(𝑉$
𝜌𝑑1
+
𝐶	𝜖($𝑉)
0.143	𝜌𝑑)𝜎$
. (3.50) 
Fitting the experimental data of 𝜔(𝑉!") for an 8 μm diameter drumhead 
according to Equation 3.50 yields the parameters 𝜌, 𝑌, and 𝜎. Using the data for the 
shown in Figure 3, we extract 𝜎 = 0.1 N m-1, 𝜌 = 7.5 × 𝜌D, and 𝑌 = 110 N m-1, where 
𝜌D is the intrinsic mass density of monolayer graphene (~7.7 × 10?E kg m-2). The 
amount of contaminating mass observed in this device is consistent with other graphene 
nanomechanical systems that used a polymer transfer technique to suspended graphene 
sheets19,33.  
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Figure 3.4: The resonance frequency plotted vs. bias voltage (𝑉=<) for an 8 μm diameter 
drumhead. To extract the resonance frequencies, amplitude-frequency response curve data was fit 
using damped driven oscillator at varying gate voltages. Using these values, the mass density, 
initial stress, and elastic modulus were extracted.  
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CHAPTER IV 
GRAPHENE ELECTROMECHANICAL THERMAL DETECTORS 
 
This chapter contains published co-authored material; it has been adapted from 
Andrew Blaikie, David Miller, and Benjamín Alemán, “A fast and sensitive room-
temperature graphene nanomechanical bolometer” Nature Communications (2019). In 
this work, I contributed to the conception and design of the experiments, development of 
the modelling, the fabrication the graphene devices, the design and construction of the 
optical measurement apparatus, and the writing of the manuscript. I performed the 
experiments and analyzed the data.  
 
4.1.  Introduction 
The bolometer is an essential tool used to detect massive energetic particles and 
electromagnetic radiation. A primary benefit of the bolometer is its ability to detect light 
deep into the infrared34, an ability which has advanced thermal imaging, night vision, 
infrared spectroscopy, and observational astronomy35. Emerging applications36 in 
scientific imaging, security, remote environmental monitoring, THz communication, 
solar probes, and communication coupled with the need for increased portability demand 
that future bolometers work at room temperature and push the limits of speed 
(bandwidth) and sensitivity (i.e. noise-equivalent power) while also maintaining a large 
spectral bandwidth. A common method to modify the speed and sensitivity is to change 
the thermal resistance between the bolometer and its environment34. However, both the 
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speed and sensitivity are inversely proportional to the thermal resistance, so a sensitive 
bolometer is often slow. 
The speed-sensitivity trade-off can be evaded by decreasing the bolometer heat 
capacity, since the speed is also inversely proportional to heat capacity. Being just one 
atom in thickness, graphene offers a tantalizing prospect for ultrasensitive and ultrafast 
bolometry8 because it has the lowest possible heat capacity per unit area of any material. 
Moreover, graphene possesses an ultra-broadband spectral absorbance3,4 and is thermally 
stable up to at least 2600 K (ref. 22), so a graphene bolometer could detect 
electromagnetic radiation of nearly any wavelength and withstand high operating 
temperatures. However, graphene has performed poorly in conventional bolometry37—
where the electrical resistance serves as the readout for absorbed power—because its 
electrical resistivity is relatively insensitive to temperature38. While graphene has shown 
promise in hot electron bolometry9–13, in which a weak electron-phonon interaction 
generates a thermally insulated electron gas with a low electronic heat capacity, these 
implementations require cryogenic temperatures and lack portability. 
Here we pursue an alternative to electrical bolometry and develop a graphene 
nanomechanical bolometer (GNB). In nanomechanical bolometry39, absorbed power is 
measured by monitoring changes in a miniaturized mechanical structure, like the 
deflection of a microbeam40. In our GNB (illustrated in Figure 4.1a), we measure the 
resonance frequency of a mechanical resonator39 comprised of a suspended graphene 
membrane (Figure 4.1b,c). When the temperature of the suspended membrane increases, 
the stress changes according to the stress-strain relation, Δ𝜎 = −(𝛼	Δ𝑇) >
+?@
, where 𝑌 is 
the in-plane Young’s modulus, 𝜎 is the in-plane stress, 𝜈 is the Poisson ratio, Δ𝑇 is the 
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temperature change, and 𝛼F is the thermal expansion coefficient41, which is negative for 
graphene for the temperature range used in our experiments. Upon absorbing light, the 
membrane’s temperature increases and the resulting thermomechanical stress shifts the 
resonance frequency24,33 by an amount 
Δ𝑓( =
𝛼
2	𝜋	𝑎
n
(𝜎 + Δ𝜎)𝑎$
𝜌
+
𝜅𝛼$
𝜌
− 𝑓( ≈ 𝑓( 	y
a$Δ𝜎
2𝜎𝑎$ + 2𝛼$𝜅$
z , (4.1) 
 
Δ𝑓( = 𝑓( 	_
a$𝛼F J
𝑌
1 − 𝜈K
2𝜎𝑎$ + 2𝛼$𝜅
`Δ𝑇 ≈ 𝑓( 	/
𝛼F𝑌
2𝜎(1 − 𝜈)3
Δ𝑇, (4.2) 
where 𝑓( is the initial frequency, 𝜌 is the mass per unit area, 𝛼~2.404 is the membrane 
constant, 𝑎 is the radius, and 𝜅 is the bending stiffness. In the membrane limit, where 
𝜅 ≪ 𝜎𝑎$, the frequency shift can be approximated according to Equation 4.2. For typical 
graphene nanomechanical resonators30,41, a Δ𝑇~100 mK will shift the frequency by a full 
linewidth, a sizable amount which is readily measured. For a given absorbed power 
(𝑃GHI), the Δ𝑇 is amplified by the thermal resistance (RJ), as determined by Fourier’s law  
Δ𝑇 = 𝑃GHI𝑅J. The 𝑅J of suspended graphene is abnormally large42, but to enhance 𝑅J 
further, we patterned the suspended graphene20 into a trampoline geometry43,44 with 
narrow, tapered tethers (see Figure 4.1c). This configuration lets us use the low 𝐶 of 
graphene and increase 𝑅J, while providing an effective and sensitive means to measure 
the absorbed light. 
 
33 
 
 
Figure 4.1. Design, images, and mechanical properties of graphene resonators. a) 
Illustration of the bolometric detection scheme. A driving voltage, 𝑉K< , is used to actuate 
motion and a bias voltage, 𝑉=< , is used to apply additional tension. The total voltage 
drop between the suspended graphene and the Si++ substrate is 𝑉 = 𝑉=< + 𝑉K< . Absorbed 
light tightens the graphene, shifting the mechanical resonance. b) False-color scanning-
electron-microscope image of a suspended graphene drumhead and c) trampoline. 
Regions of collapsed graphene from the focused ion beam cutting process can be seen 
around the edges of the cavity. Black scale bars are 2 µm. d) Amplitude-frequency 
response curve at 𝑉=< =	0.25 V. The frequency of 𝑉K<  swept as the mechanical 
amplitude response is measured. A best fit for a damped driven oscillator is used to 
calculate the resonance frequency and quality factor. Quality factor is calculated to be 
𝑄 =910.  e) Amplitude-frequency spectrogram vs. applied d.c. gate bias. f) Measured 
mechanical mode shape of a graphene trampoline. Fast steering mirrors were used to 
scan the probe laser across the device with diffraction limited resolution. The white lines 
are outline the physical device shape as calibrated from a scanning-electron-microscope 
image. Scale bar is 3 µm.  Color scale is shared with e) and f). 
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4.2.  Description of the GNB fabrication and mechanical measurements 
In our GNB, light is detected by tracking changes to the fundamental mode 
frequency of a graphene nanomechanical resonator. The graphene structures are made by 
transferring graphene45 onto a silicon/silicon oxide support substrate with patterned holes, 
resulting in circular drumhead resonators (Figure 4.1b). Some drumheads are patterned 
into trampoline geometries using a focused ion beam technique20, as shown Figure 4.1c. 
We drive motion of the graphene resonators18 by applying an a.c. voltage between the 
graphene and the back-gate (Figure 4.1a), and we measure the motion with a scanning 
laser interferometer28 operated with a low-power, power-locked laser. By sweeping the 
a.c. drive frequency, we obtain amplitude and phase spectra, as seen in Figure 4.1d for 
the first fundamental mode of a trampoline. The resonance frequency can be inferred 
from either the phase or the amplitude spectrum, which from Figure 4.1d is ~ 10.7 MHz. 
We obtain the resonance gate dependence by applying a d.c. bias to the graphene while 
measuring the amplitude spectrum, as shown in Figure 4.1e.  
The gate dependence reveals the graphene membrane mass density (𝜌), Young’s 
modulus (𝑌), and initial in-plane stress (𝜎( or tension 𝑇), by fitting an electromechanical 
model on the circular drumhead resonators, which is described in chapter 3. Using the 
data for a 8 μm drumhead, we extract 𝜎( = 0.1 N m-1, 𝜌 = 7.5 × 𝜌D, and 𝑌 = 110 N m-1, 
where 𝜌D is the intrinsic mass density of monolayer graphene (~7.7 × 10?E kg m-2). The 
amount of contaminating mass observed in this device is consistent with other graphene 
nanomechanical systems that used a PMMA transfer technique to suspended graphene 
sheets19,33. We expect that the mass density and modulus of all trampoline and drumhead 
devices on the chip containing this 8 μm drumhead will be the approximately same, 
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namely 𝜌~7.5 × 𝜌D and 𝑌~110 N m-1. However, despite the reduction in clamping 
perimeter, the trampolines retained a high resonance frequency. Therefore, we expect that 
the FIB cutting could have significantly increased their in-plane stress. 
We track the frequency during light illumination with frequency modulation 
detection46, which uses a phase-locked loop (PLL) with the phase locked on resonance. A 
key advantage of using frequency modulation is the GNB response bandwidth is not 
determined by the resonance linewidth, as it is with amplitude modulation detection. The 
PLL bandwidth allows tracking up to ~50 kHz. For frequency-shift measurements, we 
maximize the signal-to-noise ratio in several ways. First, we use the scanning 
interferometer to obtain a two-dimensional spatial map of the vibrational amplitude of the 
resonator. A map for a trampoline (Figure 4.1f) shows 90-degree rotational symmetry in 
agreement with the trampoline geometry and goes to zero near the clamping of the tethers 
indicating they are the only point of contact to the substrate. Using these maps, we 
position the interferometer laser to maximize the amplitude signal. Moreover, we 
adjusted the a.c. voltage level to just below the onset of bistability to maximize the 
resonator amplitude and to avoid nonlinear effects, such as phase instability, which can 
disrupt the phase-locking.  
4.3.  Measurement of the noise-equivalent power 
The noise-equivalent power (pW Hz-1/2) of the GNB is calculated with the 
expression 𝜂 = 𝜎L√𝑡/(𝑓(	𝑅L), where 𝜎L is the frequency noise, 𝑡 is the measurement 
time, and 𝑅L is the frequency-shift responsivity (i.e. the fractional change in resonance 
frequency per unit of absorbed power), defined as 𝑅L ≡
+
L'
ML'
:N()*
. To determine 𝑅L, we 
illuminate the GNB membrane with an amplitude-modulated heating laser (532 nm) and 
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measure 𝑓( with a PLL. A time recording of 𝑓( when the GNB is exposed to sinusoidally 
modulated light is shown in Figure 4.2a, in which 𝑃GHI = 4.4 nW. Here, we assume the 
absorption is 2.3% of the incident power4,9,11. The shift Δ𝑓( is inferred from a sine fit 
(Figure 4.2a black curve) as the peak-to-peak amplitude. For the data shown in Figure 
4.2a, Δ𝑓( = 8.5 kHz, corresponding to ~ 72% of the resonator linewidth. The power 
dependence of Δ𝑓( for a trampoline GNB (Figure 4.2b) shows that Δ𝑓( is linear with 𝑃GHI 
(in the range of 1-100 nW) and therefore :L'
:N()*
= OL'
N()*
 is a constant. The linear power 
dependence of 𝑓( was observed in all GNB devices. In Figure 4.2c, we plot 𝑅L =
+
L'
OL'
N()*
 
vs. tether width (𝑤) for 9 different trampolines and 3 different drumheads; for 
drumheads, 𝑤 is given by the one-fourth the circumference. The trampoline width (𝑤) is 
indicated in Figure 4.3b. We tested trampoline GNBs with 𝑤 ranging from 200 nm to 1.4 
µm and GNBs with a 𝑑 of 6 μm and 8 μm. In general, the drumheads had 𝑅L values 
about 1% that of trampolines. Our most sensitive device, a 6 µm diameter trampoline 
with 200 nm wide tethers, had 𝑅L	~ 300,000 W-1, a factor 100 greater than state-of-the-
art nanomechanical bolometers39. As seen from Figure 4.2c, 𝑅L increases with smaller 𝑤 
for trampolines. 
As a measure of the fractional noise, 𝜎L/𝑓(, we used the Allan deviation47, 
𝜎#$ =
1
2(𝑁 − 1)𝑓($
(𝑓P − 𝑓P?+)$
Q
PR$
, (4.3) 
 
where 𝑓P is the average frequency measured over the 𝑚th time interval of length 𝑡. We 
calculate 𝜎K from temporal recordings of the frequency while the heating laser is turned 
off (Figure 4.2d). Representative Allan deviation data for varying measurement intervals 
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are presented in Figure 4.2e. Across the sampling range and for all devices, the Allan 
deviation was flat, taking on a value of ~ 10-5, indicating that 𝜎L is dominated by flicker 
noise (1/𝑓), and not by thermomechanical noise48. In this case, the frequency noise is not 
generally reduced with a larger quality factor49,50. 
Combining 𝑅L and the Allan deviation (measured at 100 Hz), we calculate the 
noise-equivalent power 𝜂 for each device and plot 𝜂 vs. 𝑤, shown in Figure 4.2f. This 
data illustrates that 𝜂 decreases with narrower tether width. A trampoline with a tether 
width of 200 nm exhibited the best power sensitivity, 𝜂 =	2 pW Hz-1/2 (at 1 kHz 
bandwidth), which is also the lowest reported value of noise-equivalent power for a 
room-temperature graphene bolometer to date11. The 𝜂 is much larger for drumheads; the 
largest value (𝜂	~1 nW Hz-1/2) is over 200 times greater than the most sensitive 
trampoline. From these trends, it is clear that reducing the tether width provides a 
straightforward means to lower, and thus improve, the GNB’s 𝜂.  
Our measurement of 𝜂 assumes 2.3% absorption. However, cavity effects and 
surface contaminants could lead to large deviations from 2.3%. Our cavity modelling 
(see Appendix A) predicts that variations in the absorption are dominated by interference, 
which changes the overall intensity at the surface of the graphene membrane. For the 
device geometry used in this work, the intensity, and thus the effective absorption, is 
reduced to ~0.6%. However, surface contaminants on the graphene, which the measured 
mass density indicates are present, likely increases the total absorption from that 
predicted from cavity modelling. For the sake of comparison with previous work9,11, we 
use the standard absorption estimate4 of 2.3%. 
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Figure 4.2. Frequency responsivity to absorbed light and frequency noise measurements of 
graphene resonators. a) Mechanical resonance frequency vs. time for a 8 µm diameter 
trampoline with 500 nm wide tethers. The device is subject to 190 nW of incident radiation 
modulated at 40 Hz. The absorbed power is 𝑃.ST = 4.4	nW which causes a frequency shift 
of 𝛥𝑓( =8.5 kHz.  b) Measured resonance shift vs. absorbed power. A best-fit line to this 
data yields a 2.3 kHz nW-1. c) Frequency responsivity, 𝑅L, vs. tether width, 𝑤, for 9 
different trampolines and 3 different drumheads. For the drumheads, the tether width is 
taken to be 1/4 of the drumhead circumference. d) Resonance frequency vs. time for a 
trampoline GNB device. The device is not exposed with heating laser light other than that 
needed for the measurement. e) Allan deviation, 𝜎K, of the frequency noise vs. measurement 
time in a log-log plot. The resonance frequency was tracked with the PLL to obtain 
temporal frequency data. f) Sensitivity, 𝜂, vs. tether width for 9 different trampolines and 3 
different drumheads. Symbol legend is shared between c) and f). Circles indicate a 
trampoline with a 6 µm diameter, turquoise triangles indicate a trampoline with an 8 µm 
diameter, and magenta triangles indicate a drumhead resonator of either 6 or 8 µm diameter. 
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4.4.  Modeling of the frequency responsivity to absorbed light.  
The observations of 𝑅L and 𝜂 can be understood through a thermomechanical 
model that combines a thermal circuit with membrane mechanics. The circuit (shown 
schematically in Figure 4.3a) treats the GNB as a thermal capacitance 𝐶, given by the 
membrane heat capacity, in parallel with a thermal resistance 𝑅J, governed largely by the 
tethers (or boundary circumference for drumheads). The absorbed power, 𝐼 = 𝑃GHI, obeys 
the impedance version of Fourier’s heat law, Δ𝑇 = 𝑃GHI𝑍J, where Δ𝑇 is the temperature 
difference between the graphene and the surrounding substrate (assumed to be a room 
temperature thermal ground), and 𝑍J is the thermal impedance. By using Equation 4.2 
and the definition of 𝑅L we can model the frequency responsivity. For an absorbed power 
modulated at angular frequency 𝜔, the model provides an expression for the frequency-
shift responsivity 
𝑍J = _
1
𝑅J
+
1
J−𝑖𝜔𝐶K
`
?+
, (4.4) 
𝑅L(𝜔) = −
αY
2𝜎((1 − 𝜈)
𝑅J
u1 + 𝜔$𝑅J$𝐶$
, (4.5) 
again where 𝛼 is the thermal expansion coefficient, 𝜈 is the Poisson ratio, 𝜎( is the initial 
in-plane stress, and 𝑌 is the 2D elastic modulus. We note Equation 4.5 predicts 𝑅L is 
independent of incident power, in accord the measurements given in Figure 4.2b. In the 
low-frequency limit (i.e. 𝜔 ≪ +
U+<
) and with tether resistance 𝑅J =
0,V
W
, where 𝜌J is the 
2D thermal resistivity of graphene, and 𝑙 and 𝑤 are the tether length and width, 
respectively, Eq. 4.5 simplifies to 
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𝑅L =
𝛼𝑌𝜌J
2	𝜎((1 − 𝜈)
𝑙
𝑤
. (4.6) 
Measurements of 𝑅L	vs. 𝑤 for trampolines given in Figure 4.2c agree well with Equation 
4.6; a fit to 𝑅L ∝ 𝑤?+	for trampolines has a statistical 𝑅-value of 0.74. Moreover, the 
model predicts 𝜂 ∝ 𝑤, which is also in agreement with our measurements (Figure 4.2f; 
𝑅-value of 0.70). In both cases, the agreement is good despite some variations in 𝜎( and 
𝑙. 
4.5.  Measurement of the bandwidth.  
Another important metric in a bolometer is the response bandwidth, which 
determines its ability to detect transient signals and fast variations of the radiation 
intensity. We characterize the bandwidth in two ways. First, we infer the bandwidth (BW) 
from the 3-dB roll-off of 𝑅L(𝜔), which we get by sweeping the modulation frequency, 𝜔, 
of the heating laser at fixed power and measuring Δ𝑓( with the PLL and a second lock-in. 
We fit the measured 𝑅L(𝜔) with Equation 4.5 to extract the fit parameter 𝜏F = 𝑅J𝐶 (i.e. 
the characteristic time of the circuit), thereby obtaining BW = √3/(2𝜋𝑅F𝐶). An 𝑅L 
spectrum for a trampoline GNB is illustrated in Figure 3c, where the black trace is the fit 
to Equation 4.5. This spectrum has a nearly flat response, before falling off at BW~13.8 
kHz. As seen from the fit, the measured 𝑅L(𝜔)	obeys the circuit model very well. 
These spectra provide a direct measure of the BW of 𝑅L, but are limited by the 
measurement bandwidth of the PLL. To overcome these speed limitations, our second 
approach infers the BW from the off-resonant thermomechanical out-of-plane 
displacement of the graphene membrane, which occurs when thermal stress tightens and 
locally flattens the membrane42,51. In the limit of small displacement and first-order 
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thermal expansion, the mechanical displacement will be proportional to the change in 
temperature, 𝑥( ∝ Δ𝑇. Therefore, the mechanical displacement due to a modulated 
heating laser of frequency 𝜔 will obey our thermal circuit model and will have the same 
frequency dependence as 𝑅L(𝜔), as given in Equation 4.5. For these off-resonant 
measurements, we sweep the modulation frequency of the heating laser at frequencies 
well below mechanical resonance (in the absence of any electrical actuation) and record 
the mechanical displacement 𝑥((𝜔). By fitting our measurements of 𝑥((𝜔) to our model, 
we extract the thermal response time 𝜏J = 𝑅J𝐶 and thus BW. Figure 4.3d illustrates the 
real and imaginary parts of 𝑥((𝜔) along with the model fit (black traces) for a trampoline 
device with 𝜏J = 2.4 μs or BW = 120 kHz. Where possible, we compared the BW 
obtained from 𝑅L(𝜔) and 𝑥((𝜔), finding excellent agreement, also finding BW = 14 
kHz using 𝑥((𝜔) for the device shown in Figure 4.3c. Again, we note that the 3-dB 
bandwidth is not limited by the mechanical linewidth of the resonator when using 
frequency moduluation46. In practice, the BW is limited by either the thermal circuit or 
PLL bandwidth. 
The response bandwidth is strongly correlated with the tether width, where wider 
tethers produce a faster response. We plot BW vs. 𝑤 in Figure 4.3e. The BW of 
trampolines ranged between 10-100 kHz, while for drumheads the BW was as high as 1.3 
MHz. For trampolines, our model predicts 
BW =
√3
2𝜋𝑐𝜌𝜌F𝑙
𝑤
𝐴
(4.7) 
where 𝑐	is the membrane specific heat, 𝜌 is the membrane mass density, and 𝐴 is the 
membrane area. The measured bandwidth data in Figure 4.3e agrees well with the model 
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prediction BW ∝ 𝑤; for 6 μm diameter trampolines, the linear fit 𝑅-value is 0.9. While 
our experiments did not broadly sample the device area 𝐴, our limited data do agree with 
the prediction BW ∝ 𝐴?+. The BW we measure is likely lower than what we would 
expect for pristine graphene, as the mass density inferred from the resonance frequency 
gate dependence is about a factor of ~7.5 greater than pristine graphene.  
We can estimate the thermal resistance 𝑅J experimentally from the measured 
thermal time constant 𝜏J and heat capacity 𝐶 with the expression, 𝑅J = 𝜏J/𝐶. The heat 
capacity for the GNB is 𝐶 = (𝑐D + 6.5𝑐X)𝜌D × A, where the device area is typically ~ 25 
- 50 µm2, 𝑐D = 700 J kg-1 K-1 is the specific heat of graphene, and 𝑐X ~ 1500 J kg-1 K-1 is 
the specific heat of PMMA. For the data shown in Figure 4.3c, 𝜏J = 20 µs and 
𝐶	~	2 × 10?+1 J K-1 gives 𝑅J	~ 108 K W-1. 
The bandwidth and the noise-equivalent power are expected to be directly 
proportional, regardless of the device geometry. Specifically, our model predicts 
BW = y
√3
2𝜋
𝛼F
𝜎K√𝑡𝑐𝜌
1
𝐴
z ⋅ 𝜂 (4.8) 
where 𝛼J = −
/>
$	&'(+?@)
 is the frequency coefficient of temperature. In Figure 4.3f we plot 
BW vs. 𝜂, as well as a linear fit to the data (black trace), showing an excellent agreement 
with the prediction BW ∝ 𝜂 (𝑅-value of 0.97). In this data, all parameters are constant 
except for 𝜎( and 𝐴, but the larger 𝐴 devices tend to have lower stress 𝜎( so the effects 
cancel to preserve the linearity. Accordingly, for a given sensitivity, a smaller device area 
𝐴 will boost the speed.  
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Figure 4.3. Modeling and bandwidth measurements of graphene resonators. a) Thermal 
circuit model. b) False-colored scanning electron microscope image of a trampoline of tether 
width, 𝑤 = 200 nm, and diameter, 𝑑 = 6 µm. Black scale bar is 2 µm. c) Normalized 
frequency-shift responsivity 𝑅L∗ as the amplitude of the heating laser is modulated. The total 
resonance shift reached half its maximum value at 𝐵𝑊 = 13.8 kHz. The fitted curve using 
Eq. 2 is shown in black. d) Amplitude of thermal expansion induced displacement for a 
trampoline (𝑤 = 1.2 μm, 𝑑 = 6 μm). The black curve is a fit to the thermal circuit model. 
From this fit, we extract the thermal response time, 𝜏F = 2.4 μs. e) Bandwidth vs. tether 
width for 9 different trampolines and 3 different drumheads. For the drumheads, the tether 
width is taken to be 1/4 of the drumhead circumference. f) Sensitivity vs. bandwidth for 9 
trampolines and drumheads. The black line is the linear fit (𝑅-value of 0.97). e) and f) were 
inferred from the off-resonant thermomechanical method. Symbol legend and vertical axis is 
shared between e) and f). Circles indicate a trampoline with a 6 µm diameter, turquoise 
triangles indicate a trampoline with an 8 µm diameter, and magenta triangles indicate a 
drumhead resonator of either 6 or 8 µm diameter. 
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4.6.  Discussion 
The response bandwidth and noise-equivalent power demonstrated by our GNB 
rivals modern high-performance bolometers. Comparing to the sensitivity of previous 
graphene-based hot-electron bolometers, the GNB is nearly 1000 times more sensitive at 
room temperature11. Assessing the speed and sensitivity together, our lowest 𝜂 = 2 pW 
Hz-1/2 compares favorably to the state-of-the-art in room-temperature bolometry, 
currently set by vanadium oxide and nickel resistive microbolometers52–56 ~ 1 – 10 pW 
Hz-1/2, while often outperforming the bandwidth of these systems by several orders of 
magnitude. Moreover, the drumhead GNBs, though not as sensitive, are 101 – 10[ times 
faster than modern vanadium oxide bolometers. Using a standard figure-of-merit 
(FOM)55—which assesses the combination of speed and sensitivity normalized by the 
device geometry and absorption—we obtain FOM = 1.18 × 10[ mK ms µm2, where the 
best reported FOM values for uncooled microbolometers39,52,53,55 are of order 10[ mK ms 
µm2. Thus, despite not yet being optimized and a low optical absorption compared to 
bulk materials (2.3%), our GNB has already matched these record-low FOM values. 
The GNB may enable photodetection applications at very high temperatures 
because of graphene’s extreme thermal stability. Graphene can sustain temperatures up to 
at least 2600 K (ref. 22), and graphene nanomechanical resonators have been shown to 
operate up to 1200 K (ref. 23). During our experiments, we tested this thermal stability by 
irradiating the GNB (as imaged in Figure 4.1c) with a laser power of ~ 400 μW, a level 
which we estimate would have increased the GNB temperature as Δ𝑇 = (Δ𝑓(/𝑓()/
¢𝑅L/𝑅J	£. we observed the resonance frequency increase from 10.7 MHz to 35 MHz. 
Using the measured 𝑅L and 𝑅F for this device, we find Δ𝑇~900 K, or 𝑇~1200 K, and 
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yet the device remained fully operational and undamaged. However, this high 
temperature probably annealed some of the PMMA contaminating mass as the resonant 
frequency returned to a higher value after cooling back to room temperature. Although 
our experiments used a hybrid electronic/optical scheme for actuation and readout, the 
GNB can be used in an all-optical platform20, eliminating the need for on-chip electronics 
that could degrade at high temperature. Thus, in contrast with most photodetection 
technologies, our GNB platform is suitable for relevant high-temperature applications, 
including safety and security applications like firefighting and industrial process 
monitoring, and in scientific experiments that take place at high temperature, such as 
close-proximity solar imaging. 
Although we have used the GNB to achieve record bolometric sensitivity at room 
temperature, it is possible to further improve the noise-equivalent power (𝜂) of our GNB 
through practical modifications to material properties and device geometry. Our 
modeling shows that 𝜂 ∝ 𝜎, where 𝜎 is stress, so using lower stress graphene57 would 
improve 𝜂. Increasing the optical absorption directly improves 𝜂 to incident power. The 
GNB absorption could be increased to near unity by placing the bolometer in an 
optimized optical cavity11,39, at the expense of reduced spectral bandwidth, or by 
depositing an absorptive material on the GNB, which would also reduce the spectral 
bandwidth as well as the speed. The simplest way to improve 𝜂 is to reduce the tether 
width, which can be narrowed down to ~10 nm using FIB (ref. 20), or to use FIB to create 
lattice defects in the tethers58, thereby increasing 𝑅F. Taken together, these changes could 
bring the noise-equivalent power down to the regime of femtowatt sensitivity with 100 
Hz response bandwidth. 
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The fabrication of the GNB used here is scalable and could be used to make dense 
bolometer arrays. The process used to make GNB devices involves a single-step transfer 
of CVD graphene on a lithographically defined resonator support frame, as described in 
Chapter 2. Graphene transfer and lithography are both routine processing steps in high-
yield, large-scale commercial fabrication. Although FIB is not as scalable as optical 
lithography, modern FIB, much like e-beam lithography, is used in commercial 
applications. Therefore, GNB trampolines, which only require a fast, single-pass vector 
cut, could be made quickly and in large numbers. Drumhead GNBs, while not as 
sensitive as trampolines, do not require FIB shaping and are routinely fabricated in large 
arrays20, and thus could be especially useful for high-speed applications. Although we 
operated the GNB with a combination electronic actuation and optical read-out in this 
work, our GNB could be fully integrated with on-chip electrical detection and 
actuation19,59, allowing it to operate as a stand-alone, packaged technology. 
Sensing is an important application of nanoelectromechanical systems (NEMS). 
In general, the lower the mass of the NEMS device, the more sensitive it will be. By 
employing low-dimensional materials (e.g. carbon nanotubes and graphene) to operate in 
the limit of ultralow mass, NEMS sensors have achieved record sensitivity to mass, 
electrical charge, and force60–62. Our GNB uses an ultralow-mass NEMS device to detect 
light, and the GNB’s high combination of speed and sensitivity is a direct consequence of 
its small mass and size. The same frequency-shift sensing mechanism that we use to 
detect optical power will also inherently respond to mass, charge, and force. So, our GNB 
offers the unique opportunity for multi-mode NEMS sensing, which hybridizes 
ultrasensitive detection of power with ultrasensitive mass, charge, or force detection. 
 
47 
 
Using multi-mode sensing, for example, the GNB could simultaneously detect the mass 
and energy of an incident particle by detecting the transient frequency shift (from the 
absorbed kinetic energy) and the steady state frequency shift (from the added mass). As 
consequence of independently measuring the mass and energy of a particle, the GNB 
would provide a means to measure the momentum of atoms and elementary particles. 
In conclusion, we have measured visible light using a graphene nanomechanical 
resonator by tracking the frequency shifts of the resonator that are induced by light 
absorption. Using our graphene nanomechanical bolometer (GNB), we achieve a 
sensitivity of 2 pW Hz-1/2 and a bandwidth up to 1 MHz, thus demonstrating a previously 
unattainable sensitivity in room-temperature, graphene-based bolometry and greatly 
outperforming the speed of state-of-the-art room temperature bolometers. By using 
graphene, we have demonstrated bolometry in the ultimate lower limit of lattice heat 
capacity and, consequently, have circumvented the speed-sensitivity trade-off that 
plagues bolometry. Our GNB fills a vital need in portable medical and thermal imaging, 
THz spectroscopy, and astronomy for fast, sensitive, and spectrally broadband 
bolometers and bolometer arrays that operate at and far above room temperature. 
Furthermore, because the GNB detects power via a nanomechanical mechanism, our 
work opens the possibility of multi-mode NEMS sensing, which may provide a useful 
tool in material science, nanoscience, and particle physics to simultaneously measure the 
energy of a particle along with its electrical charge and mass. 
4.7.  Methods 
We fabricated suspended graphene mechanical resonators using standard 
semiconductor processing techniques as described in Chapter 2. A semi-dry polymer 
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supported transfer technique was used to place a large sheet of commercial monolayer 
graphene on Cu foil over the exposed holes and metal contacts. We shaped the graphene 
into trampolines with a focused ion beam. FIB shaping was performed in an FEI Helios 
600i SEM-FIB with a Ga+ source. A gallery of scanning electron microscope images of 
the 12 GNBs characterized in this work is shown in Figure 4.4. 
 
  
Figure 4.4. SEM images gallery of all devices characterized. Devices are labeled by 
letters a-l. Devices a-i are trampolines and devices j-l are drumheads.  Scale bars are 3 
µm.  
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CHAPTER V 
DISSIPATION IN GRAPHENE RESONATORS 
 
This chapter contains unpublished co-authored material; it has been adapted from 
David Miller¨, Andrew Blaikie¨, Brittany Carter, Jayson Paulose, and Benjamín Alemán, 
“The Role of Wrinkles and Dissipation Dilution in Achieving a High Q factor in 
Graphene NEMS” In Preparation (2020), ¨Equally contributing author. I contributed to 
designing the experiments, performing the research, analyzing the data, and writing the 
manuscript.  
 
5.1.  Introduction 
In recent years, nanoelectromechanical systems (NEMS) have made significant 
contributions to many areas of science and technology, from the exquisitely precise 
detection of temperature63, mass60, local forces64, and light65, to the first tests of coherent 
quantum mechanics in macroscopic mechanical systems66. Future uses for NEMS range 
from quantum bits, memories and busses to room-temperature neutral-particle mass 
spectroscopy systems67. These uses demand NEMS with an even greater sensitivity and a 
higher degree of environmental isolation for improved classical68 and quantum 
coherence69, which in turn has driven a pursuit for NEMS in the extreme limit of low 
mass and high mechanical quality factor (𝑄) (ref. 70). 
Despite much progress, the quest for both ultralow-mass and high-𝑄 NEMS has 
fallen short. Silicon-nitride (SiN) beams and membranes possess the highest reported 𝑄, 
but these bulk structures also have the highest masses, exceeding nanograms (10?\ g). 
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On the extreme end of the mass spectrum are low-dimensional NEMS resonators, such as 
suspended carbon nanotubes71 or graphene sheets19,59,72, which possess the lowest-
possible mass density (linear or areal) of any material. Graphene NEMS have risen in 
prominence because of their scalability27, optical addressability73, and large surface-to-
volume ratio27, making them particularly ideal for sensing21,65 and optomechanical 
coupling74,75,33,42. Unfortunately, graphene NEMS have been hindered by an extremely 
low room-temperature 𝑄	(ref. 27), typically 𝑄~10 − 100. 
Efforts to engineer a higher 𝑄 have been thwarted by a poor theoretical and 
experimental understanding of dissipation in graphene NEMS, but there are hints that the 
𝑄 of graphene membranes can be described by dissipation dilution theory44,76–78 (DDT). 
According to DDT, the 𝑄 of a membrane is expected to increase with stress and scale 
linearly with its lateral size, both which have been observed with graphene drumheads27. 
In terms of thickness-to-radius aspect ratio (ℎ/𝑎~10?) − 10?[), mechanical stress, and 
elastic modulus, graphene membranes are also physically similar to bulk, three-
dimensional (3D) systems that are well-described by dissipation dilution (e.g. SiN strings 
and membranes79–81). On the other hand, the DDT for thin plates—the most relevant to 
graphene membranes—assumes a 3D structure, but experimental measurements of 
graphene’s elastic properties (in-plane modulus, bending stiffness) often disagree with 
the 3D model82. The predicted thickness-dependence of the 𝑄 (𝑄 ∝ ℎ?+/$	) also appears 
to fail for graphene membranes where 𝑄 should be greater than 10,000. Verifying the 
DDT predictions have been further frustrated by large inconsistencies in the 
measurements of graphene’s elastic properties—which vary with the measurement 
method31,83, the level of wrinkling84, contamination19, and strain85, and device 
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fabriction86—and because these properties have not been systematically measured and 
compared to the 𝑄. Altogether, it is unknown if DDT can be appropriately applied to 
graphene NEMS. 
In this work, we show that the 𝑄 in suspended graphene drumheads can be 
understood with a theory of dissipation dilution with a bending stiffness heavily modified 
by out-of-plane wrinkles. These results demonstrate that out-of-plane wrinkles are 
responsible for the low 𝑄 typically observed in graphene NEMS. A straightforward 
consequence of this theory is that the application of large amounts of additional in-plane 
stress is expected to increase the 𝑄 by both increasing the elastic energy and reducing 
wrinkling. To accomplish this, we use Ga+ irradiation to add high amounts of stress85 to a 
set of bilayer graphene drumheads, and achieve a record 𝑄~	15,000 in room-temperature 
graphene NEMS.  
5.2.  Predictions of dissipation dilution for a Graphene Drumhead. 
To test DDT for graphene NEMS, we first outline the predictions of the theory of 
dissipation dilution for a wrinkled circular membrane. Dissipation dilution refers to the 
fundamental observation that thin, highly strained NEMS (e.g. strings and membranes) 
primarily store and lose energy through elongation and bending, respectively, so the 𝑄-
factor of these mechanical structures can be increased by maximizing the ratio of the 
elongational energy to the bending losses. This means that the quality factor can simply 
be approximated as 𝑄 ≈ 2𝜋 ^
O^-."/
	. The energy lost per cycle is given80 by the area 
integral	
Δ𝑊H_`M = 𝜋	𝜅$∫ (∇$u)$	𝑑𝐴, (5.1) 
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where 𝜅$ is the bending loss energy, and u(r⃗) is the mode shape amplitude for a clamped 
circular plate. Likewise, the total energy can also be determined80 from 
𝑊 = 2𝜌	𝜋$𝑓$∫ u$	𝑑𝐴, (5.2) 
where 𝑓 is the resonance frequency and 𝜌 is the mass-per-unit-area. The quality factor 
can then be written as the ratio 
𝑄 =
4	𝜋$𝑓$𝜌
𝜅$
∫u$ 𝑑𝐴
∫ (∇$u)$	𝑑𝐴
. (5.3) 
By plugging in the solution for u given in Equation 3.12 in Equation 5.3, the 𝑄 of 
a circular membrane can be approximated as (see Appendix B for more details) 
𝑄P` ≈
𝑄(
𝜆
(1 + 𝜆 × 𝛼P`)?+, (5.4) 
where 𝜆 is the dilution factor, 𝛼P` is a constant that depends on the mode number (𝛼(+ =
2.404, 𝛼++ = 3.832, etc.) and 	𝑄( =
'$
'!
 is the ratio of the bending energy to bending 
losses. The increasing nature of the 𝛼P` coefficients captures the higher bending losses 
that accompany the additional curvature of higher order modes. In Equation 5.4, the 
dilution factor is  𝜆 = h '$&.!, where 𝑎 is the membrane radius and 𝜎 is the in-plane stress, 
and a lower 𝜆 predicts a higher 𝑄-factor. Out-of-plane wrinkles84 are predicted to modify 
the elastic properties (𝜅 and 𝑌) of bare two-dimensional (2D) sheets like graphene,  
𝜅	~u𝜅a`b𝑌a`b〈𝑧$〉, (5.5) 
𝑌	~n
𝑌a`b𝜅a`b
〈𝑧$〉
, (5.6) 
where 𝜅a`b and 𝑌a`b = 𝐸a`bℎ	are the intrinsic bending stiffness and in-plane elastic 
modulus, respectively, and 𝑧cde = h〈𝑧_ff$ 〉	is the RMS height profile of the wrinkled 
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membrane. In the simplest terms, DDT of a wrinkled structure predicts that 𝑄-factor of a 
wrinkled membrane will increase with larger tension and lateral size and decrease with 
more wrinkling. 
5.3.  Fabrication of Bilayer Graphene Drumheads  
To test the predictions of dissipation dilution for a wrinkled membrane, we 
fabricate a large array of CVD graphene drumhead resonators45 (see Figure 5.1a-b) with 
diameters ranging from 4.4 μm to 16 μm. We use commercially transferred bilayer 
graphene (Graphenea) due to an improved yield of large-area drumheads. These devices 
are electrostatically actuated with an AC-gate voltage (𝑉#") with a DC offset (𝑉!") and 
the motion is measured with a 633 nm HeNe laser using scanning optical 
interferometry28, which can resolve the mode shape of the various mechanical modes (see 
Figure 5.1d). All measurements were performed at room temperature under a vacuum of 
𝑃 < 10?[ Torr. The laser power is kept low (typically less than 30 μW) to minimize the 
effects of photothermal heating and laser induced back-action33, which can artificially 
modify the 𝑄. Resonance frequencies and 𝑄 are obtained by fitting the characteristic 
amplitude frequency response curves around 𝑉!" = 0	V, where Joule losses87 are 
minimized.  
The 𝑄-factor of our graphene NEMS are expected to be described by Equations 
5.4-5.6 which assumes a wrinkled membrane. We confirm the presence of wrinkles using 
atomic force microscopy (AFM) and find that as-fabricated bilayer graphene drumheads 
have 𝑧cde~5 nm, much larger than the thickness of bilayer graphene, which can be seen 
in Figure 5.1e. These wrinkles are expected7, perhaps arising during the semi-dry 
graphene transfer or during fabrication. 
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In order to explicitly determine the role of wrinkles on the 𝑄-factor in graphene 
NEMS we vary the wrinkle height. Wrinkles in graphene NEMS can be flattened by 
applying large amounts of in-plane stress88. High amounts of stress have previously been 
achieved with a pressurized gas, low energy Ar+ irradiation89,90, or with thermal 
contraction at high-temperatures23,90,91. Here, we use a standard 30 kV Ga+ focused ion 
beam (FIB) to deterministically add stress85 to a set of 11.6 μm diameter drumheads, see 
Figure 5.1c. The origin of this stress could be due to the creation of defects in the 
graphene sheet. We irradiate each device with a calibrated dose at a perpendicular angle 
of incidence, from 0.2	– 	11.8 μC/cm2. Beyond this dose, we observe that the drumheads 
begin to fail and tear along defects and grain boundaries, likely due to a combination of 
damage from the FIB exposure and the high strain values stressing weak spots in the 
membrane. In order to confirm that the irradiation has reduced the wrinkles88, we 
calibrate the 𝑧cde with AFM images to Ga+ dose (Figure 5.1g). We find that this method 
is able to reduce the wrinkling in graphene NEMS down to the theoretical limit7 of 1 nm, 
shown in Figure 5.1f. 
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Figure 5.1: Analysis of the bilayer graphene drumhead dataset. (a) Diagram of a 
graphene NEMS device. (b) Scanning electron microscope image of an array 11.6 μm 
suspended graphene drumheads. (scale = 20 μm). (c) Diagram of the FIB irradiation 
process used on some of the 11.6 μm suspended graphene drumheads. (d) Amplitude-
frequency response spectra and corresponding mode shapes for the first 5 modes of an 
11.6 μm device. (e) AFM image of a non-irradiated bilayer graphene drumhead. (scale = 
1 μm). (f) AFM image of a bilayer graphene drumhead irradiated at 4.8 μC/cm2. (scale = 
1 μm). Color scale is shared with e) and f). (g) RMS roughness values at various 
irradiation doses. Each data point represents the RMS roughness value from 16 μm2 
section of a separate drumhead. 
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5.4.  Characterization of Elastic Parameters 
In order to test the dependence of 𝑄 to the predictions of DDT, we measure all 
relevant elastic parameters. First, we measure the device radii 𝑎 from high resolution 
scanning electron microscope images. Additional mechanical properties can be extracted 
from the characteristic resonance frequency-gate voltage dispersion curve, 𝑓((𝑉!") 
(Figure 5.2a). We use a continuum mechanics model19,30,33,92 to perform a three-
parameter fit to 𝑓((𝑉!") to obtain the in-plane stress 𝜎, mass per unit area 𝜌, and in-plane 
elastic modulus 𝑌 as described in Chapter 3. Values of 𝜌	 range between 9 − 11𝜌D 
(where 𝜌D is the intrinsic mass density of monolayer graphene), which is consistent with 
bilayer graphene with typical amounts of mass contamination. For the unirradiated 
drumheads, values of 𝜎 vary between 10 and 100 mN m-1 and the average of 4 ± 2 mN 
m-1. We find that the graphene devices have a modulus of 𝑌+~80 N m-1, which is 
consistent with previous work30,85 but lower than predicted by the bulk modulus of 
bilayer graphene, ℎ𝐸D9GXgab_~670 N m-1 assuming ℎ = 0.67 nm for bilayer graphene. 
The greatly reduced value of 𝑌 is indicative that significant wrinkles are present in the 
graphene drumheads according to Equation 5.6, which is corroborated with our AFM 
measurements. The fitting-parameter uncertainty for smaller diameter devices (≤ 	7	µm 
diameter drumheads) was large, so for these diameters we used the average 𝜌 and 𝑌	from 
the larger devices, and we expect this approximation is accurate to within 10% (see 
Appendix B).  
We find that the strain increases super-linearly for the Ga+ irradiated devices, as 
expected by the flattening of the wrinkles, from ~.05 N/m to 1.5 N/m, with FIB dose 
(Figure 5.2b). Simultaneous to the increase in strain, we also find that that 𝑌 increases by 
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about a factor of 4 (Figure 5.2c) from ~80 N/m to ~350 N m-1, as has been observed 
previously in irradiated graphene drumheads85,89. This is much closer to the theoretical 
value for bilayer graphene of 670 N m-1, which according to Equation 5.6, is predicted to 
be a consequence of the reduced wrinkling in the membrane. 
We are also able measure the intrinsic bending parameters 𝜅+, 𝜅$, and 𝑄( =
'$
'!
, by 
examining the decrease in quality factor of the higher order modes. We do this by fitting 
the 𝑄P` vs. mode number to Eq. 5.4 for the first 5 drumhead modes of set of unirradiated 
11.6 μm graphene drumheads as seen in Figure 5.2d. Using the measured values of 𝜆, 𝑇, 
and 𝑎, we then calculate the bending stiffness using 𝜅+ = 𝑎$𝜆$𝑇 and find that 
𝜅+~26	keV, which can be seen in Figure 5.2e. This is a factor of 10$ larger than 
predicted by a 3D plate model, where 𝜅+,XiGb_ ≈ 160 eV, while the phonon spectrum of 
graphite86 predicts 𝜅+ ≈ 3 eV. However, it is much closer to the value predicted the by 
the 𝑧Ujk~	5 nm wrinkle height, which predicts 𝜅+~5 keV (Equation 5.5). A similarly 
large value of 𝜅+~101 has been observed in CVD graphene cantilevers31 using non-
contact methods. We also fit 𝑄(~ 50, as seen in Figure 5.2f. Our measurement of the 
intrinsic quality factor is in line with an extrapolation of the thickness-dependent quality 
factor seen in SiN strings25,26, 𝑄(~6900
l
+((	`P
. Taking the bilayer graphene thickness to 
be . 67 nm, we expect 𝑄(~47, in excellent agreement with our fits. This intrinsic 
dissipation is thought to arise from surface losses that are ubiquitous to various thin 
NEMS25. 
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Figure 5.2: Elastic properties of the bilayer graphene drumheads. (a) Resonance 
frequency of a 11.6 μm bilayer graphene drumhead as the gate voltage is swept from −6 
V to 6 V. The black line is the fit to the data which gives mechanical parameters of 
𝜎$= = .08 N/m, 𝜌$= = 10.05	𝜌+m , and 𝐸$= = 115.62 N m-1.  (b) 𝜎 vs. Ga+ dose for the 
irradiated 11.6 μm bilayer graphene drumheads. (c) 𝑌 vs. Ga+ dose for the irradiated 11.6 
μm bilayer graphene drumheads.  The black line in b-c indicates the average value for 
non-irradiated drumheads of the same diameter. (d) 𝑄 as a function of mode number for 
an 11.6 μm diameter device. Fitting yields 𝑄( = 70.6, 𝜆 = 0.0627, 𝜅+ = 38.8 keV, and 
𝜅$ = 549 eV. (e) 𝑄( and 𝜆 derived from the fit shown in d for a number of 11.6 μm 
diameter drumheads. (f) Logarithmic histogram of measured 𝜅+ values for 11.6 μm 
drumheads. 
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5.5.  Comparison to Dissipation Dilution Theory 
Broadly, the quality factors of our graphene NEMS devices agree with the theory 
of dissipation dilution. First, we observe a size-dependent quality factor in the 
unirradiated drumheads (Figure 5.3a), ranging from 𝑄~400 for 4.4 μm diameter 
drumheads to 𝑄~1600 for the largest 16.6	μm diameter devices, in accord with previous 
work on graphene membranes27,81. Another straightforward prediction of DDT is that the 
Ga+ irradiated devices should have the largest 𝑄, because of their larger in-plane stress. 
In accord this prediction, we see a dramatic increase in the quality factor for the irradiated 
drumheads. In fact, 𝑄(+ increases by a factor of ~15 − 20, from 𝑄~700 for non-
irradiated drumheads to nearly 𝑄~15,000 at 11.8 μC μm-2 (Figure 5.3b), which is the 
highest reported quality factor in graphene NEMS at room-temperature to date (Figure 
5.3c).  
As a further test of DDT, these Ga+ irradiated devices should have the smallest 
dilution factor 𝜆. In addition to a higher 𝑄, a small 𝜆 also makes predictions about the 
quality factors of the higher order modes, which can be tested independently. According 
to Equation 5.4, the ratio of the first higher order mode to the fundamental mode can be 
cast into the 𝑄(-independent ratio: 
𝑄++
𝑄(+
=
(1 + 𝜆 × (2.404)$)
(1 + 𝜆 × (3.832)$) → 1	
(𝜆 ≪ 1), (5.4) 
which goes to unity for small 𝜆. To test this trend for the Ga+ irradiated devices, we first 
measure the amplitude spectrum and then identify the 𝑈(+ and 𝑈++ modes using scanning 
optical interferometry28. With the modes identified, we extract 𝑄(+ and 𝑄++ by fitting the 
spectral peaks and calculate 𝑄++­­­­­/𝑄+( for a number of different Ga+ ion doses, where 𝑄++­­­­­ 
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is the average 𝑄 of the degenerate pair of modes, (see Figure 5.3d). In accordance with 
the prediction, the devices with the largest Ga+ doses have n$$
ooooo
n$'
→ 1. 
Finally, we compare the quality factor of the entire suspended graphene drumhead 
dataset (Ga+ irradiated and unirradiated) to the predictions of DDT. By expanding 
Equation 5.4 and solving for 𝑧cde in Equations 5.5 and 5.6, we write the dilution factor 
for a wrinkled membrane in terms the parameter J >
>012
K 𝜎𝑎$,  
1
𝜆
≈ 	𝜅+,a`b
?+$ 	n/
𝑌
𝑌a`b
3 (𝜎𝑎$)	. (5.5) 
We use the measured average of 𝑄(~50 and use 𝜅+~26 keV with the corresponding 
𝑧Ujk~5 nm and 𝜅a`b~160 eV and to calibrate a scaling constant ~4 according to 
Equation 5.5. Altogether, we plot the 𝑄 all of the characterized devices and the theory 
according to Equation 5.5 against the scaled energy parameter J >
>012
K 𝜎𝑎$ (see Figure 
5.3e). This dataset spans over ~ 4 orders of magnitude in energy and is in agreement with 
the theory of dissipation dilution with a bending stiffness heavily modified by out-of-
plane wrinkles. Ultimately, this data shows that DDT is relevant to graphene NEMS if the 
wrinkles are accounted for, and that a practical method to engineer a higher 𝑄 in 
suspended graphene sheets is by reducing wrinkles or increasing the diameter and strain.  
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Figure 5.3: Quality factor properties of bilayer graphene drumheads. (a) (b) 𝑄 vs. 𝑓( for 
the 4 different Ga+ doses. The black error bars show the mean and standard deviation of 
the non-irradiated 11.6 μm devices.  (c) Amplitude-frequency response curve used to 
extract the highest quality factor, where 𝑄~15,000. (d) 𝑄++­­­­­/𝑄+( vs. FIB dose with the 
black line again indicating the value for non-irradiated 11.6 μm diameter drumheads. (e) 
All measured FIB and non-FIB devices with 𝜅+ = 160 eV and 𝑌a`b = 670 N/m. We use 
the average value of 𝑌 ≈ 91 N/m obtained from the non-irradiated 11.6 μm drumheads 
for devices where we do not measure 𝑌. The blue line represents a fit to Equation 5.4. 
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5.6.  Discussion 
Our results explain the persistently low 𝑄 in graphene NEMS. For the stress 
values and aspect ratios in this work, a much lower dilution factor	𝜆~.0017 is expected 
in an 11.6	μm diameter unirradiated graphene bilayer drumhead, according to the 
prediction for the bending stiffness 𝜅+ =
>l!
+$(+?@!)
 in a bulk material, which is a factor of 
30 lower than we measure and comparable to mm-size SiN strings and membranes80,81. 
Even for the relatively low 𝑄(~50, this small 𝜆 predicts room-temperature quality factors 
of 𝑄~30,000, which is much higher than has ever been experimentally observed. 
Therefore, we propose that an anomalously large bending stiffness, caused by wrinkles, is 
responsible for the low 𝑄 in graphene NEMS. This result likely holds for single-layer 2D 
NEMS, which will have a somewhat lower value of 𝜅+, but a commensurately lower 
value of 𝑄( due to increased surface losses.  
It is likely that more aggressive shape and strain engineering approaches would 
lead to even more impressive quality factors. For example, patterning a phononic 
shield76,77 around the graphene NEMS could suppress the bending at the edge, leading to 
a modified expression for the quality factor77, 𝑄P` ≈ 𝑄(/(𝜆$𝛼P`). Using the estimated 
values for the bending stiffness and tension for the maximally Ga+ irradiated graphene 
drums, this expression predicts a  𝑄 > 10p and 𝑓 × 𝑄 = 10+1, potentially allowing for 
room-temperature quantum optomechanics with atomically-thin materials44 or 
photothermal cooling33 of a graphene sheet from room temperature to the quantum 
ground state. Furthermore, these findings can be readily applied to other resonators made 
from exfoliated graphene72 or other 2D materials93 such as MoS2, which share similar 
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aspect ratios and mechanical parameters, but possess other desirable optical and 
electronic properties. 
In conclusion, we have shown that a general theory of dissipation dilution with a 
wrinkle-corrected bending stiffness broadly describes the observed quality factors of 
graphene drumheads in terms, of stress, size, modulus, wrinkle height, and mode number. 
This wrinkle-corrected bending stiffness was found to be two orders of magnitude larger 
than predicted from a plate model and is likely responsible for the observed low 𝑄 in 
graphene NEMS. The Ga+ irradiated drumheads were found to have record 𝑄 for room 
temperature graphene NEMS, due to their increased stress and reduced wrinkles. 
Graphene drumheads with a high 𝑄 and ultra-low mass could open the door to extremely-
sensitive force and mass sensing or studies of quantum optomechanics33,69 in the two-
dimensional regime.  
5.7.  Methods 
Bilayer graphene drumheads were fabricated using standard semiconductor 
processing methods and utilized a commercial semi-dry transfer provided by Graphenea. 
Briefly, a CHF3 reactive ion etch was used to pattern ~ 0.6 μm deep holes into 1 μm of 
thermal oxide grown on degenerately doped silicon. The remaining layer of oxide 
prevents shorting of graphene devices that have collapsed into the holes. Metal contacts 
are pre-patterned in the vicinity of the holes and the graphene is placed on top of both the 
contacts and the holes, forming an array of nanoelectromechanical resonators. 
We used optical interferometry to measure the mechanical motion of the graphene 
resonators at room temperature under vacuum (<10-5 Torr). A 633nm HeNe laser was 
passed through a polarizing beam-splitter and quarter wave-plate to split the reflected 
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light from the incident beam. The light was focused onto the sample with a 50x, 0.42 NA 
objective lens. A low-finesse Fabry Perot cavity between the suspended graphene 
drumhead and the backgated silicon modulates the reflected light. This reflected light was 
collected with an avalanche photodiode and the voltage was put into a lock-in amplifier 
referenced to the electrical driving voltage.  
AFM images were taken using a Bruker Dimension Icon AFM operating in 
PeakForce Tapping mode using a ~0.4 N m-1 cantilever and a PeakForce set-point of 1 
nN. RMS roughness values were obtained by first applying a 2D plane-fit to the images 
and then using the roughness function in the NanoScope Analysis software package. 
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CHAPTER VII 
CONCLUDING REMARKS  
In this dissertation, we have explored the electromechanics of graphene resonators 
and their use in thermal detectors. First, we began with a procedure on how to make large 
arrays of circular graphene resonators. These graphene drumheads can be fabricated on a 
silicon support substrate and capacitively actuated. We then demonstrated how a focused 
Ga+ ion beam could be used to cut the graphene drumheads into a graphene trampoline 
resonator. We described how the motion of these devices was transduced using a 
scanning laser interferometer.  
Next, using a classical approach, we derived all the relevant equations to describe 
a capacitively driven suspended graphene drumhead. We began with the full equation of 
motion that included the energies from bending and stress. We took an in depth look at 
how a large bias voltage can shift the resonance frequency of a graphene sheet and how 
this shift is negative for small voltages and positive for large voltages. Furthermore, we 
showed how this resonant frequency shift can be used to extract mechanical parameters 
like the mass density, elastic modulus and initial in-plane stress.  
Readied with the knowledge of how to construct graphene electromechanical 
resonators and their relevant physics, we demonstrated an entirely new technological 
application of graphene electromechanical resonators, namely, thermal detectors. We 
showed that tracking the resonance frequency shift of a graphene electromechanical 
resonator can be used to transduce the amount of light incident on the device. This type 
of detector could allow for sensitive detection of far-infrared light at high speeds, which 
is not possible with photodiodes, bolometers, or pyroelectric detectors.  
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Next, we performed experiments to show that the dissipation in graphene NEMS 
is in fact dominated by bending related losses. Interestingly, we found evidence that 
wrinkles are responsible for the higher than expected rates of dissipation in graphene 
electromechanical resonators. Furthermore, we showed that applying large amounts of 
stress with Ga+ irradiation was able to dramatically increase the quality factor by both 
suppressing wrinkles and by adding stress. This work demonstrates that graphene 
electromechanical resonators can be describes with a theory of dissipation dilution with a 
bending stiffness heavily modified by out-of-plane wrinkles.  
Altogether, this research produces both technological and scientific advances in 
the field of graphene nanomechanics. This work advances the understanding of the 
dissipation mechanisms in graphene resonators, detailing a guiding theory that can be 
used to increase the quality factor. We have paved the way for future experiments in 
graphene electromechanical sensors that require a high 𝑄 factor, such as photothermal 
cooling to the quantum ground state or improved force sensors. This work has 
highlighted prominent importance of wrinkles in increasing the bending stiffness of 
graphene electromechanical resonators, which both reduces the quality factor and sets a 
fundamental limit the sensitivity of graphene thermal detectors. By demonstrating that a 
graphene electromechanical resonator makes a state-of-the-art thermal sensor, we have 
extended the sensing applications of graphene electromechanical resonators beyond mass, 
force, and pressure sensing, to include detecting light. 
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APPENDIX A 
 
Supporting Material for Chapter 4. From Andrew Blaikie, David Miller, and 
Benjamín Alemán, “A fast and sensitive room-temperature graphene nanomechanical 
bolometer” Nature Communications (2019).  
 
A.1.  Optical Absorption Estimate from Cavity Effects.  
The GNB device architecture used in our studies forms a Fabry-Perot cavity. 
Optical cavity effects due to reflections at interfaces will lead to an optical absorption that 
is a function of the device dimensions and the wavelength of the absorbed light. We 
calculate the complex amplitude of the reflected electromagnetic wave from the Si and 
SiO2 system at the location of the suspended graphene. Summing over all reflections 
according to the wave transfer matrix method for calculating transmission and reflection 
through multilayer media94 gives the wave-transfer matrix 
𝐌 = 𝐌𝐁(SiO$ → Si) × 𝐌𝐓(SiO$) × 𝐌𝐁(vac → SiO$) × 𝐌𝐓(vac) (𝐴. 1) 
𝐌 = J𝐴 𝐵𝐶 𝐷K =
⎝
⎛
𝑛I + 𝑛8
2𝑛I
𝑛I − 𝑛B
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2𝑛T ⎠
⎞ ×	c𝑒
?s$t*%:%u 0
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u
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×
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⎛
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𝑛8 − 1
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0 𝑒s
$t:3
u
d,																																									(𝐴. 2) 
where 𝐌𝐁 describes a dielectric boundary reflection and 𝐌𝐓 describes the propagation 
through a homogeneous medium. We calculate 𝐌 by using standard values for the 
refractive index of SiO2 and Si (𝑛8 = 1.5 and 𝑛I = 4.14) and by measuring the thickness 
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of the oxide layer and the distance between the graphene and the oxide with atomic force 
microscopy (see Figure 2.3 for schematic displaying 𝑑8 and 𝑑7), from which we obtain 
𝑑8 = 353 nm and 𝑑7 = 552 nm, respectively, and use 𝜆 = 532 nm. 
In terms of the wave-transfer matrix components 𝐶 and 𝐷, the amplitude of the complex 
reflected wave is  𝑢9 = −
<
=
= (−0.55 + 0.26	𝑖). The electric field intensity at the 
graphene can be written as the sum of the incident and reflected wave |𝑢|$ = |1 + 𝑢9|$. 
The power absorbed by the graphene can be written as a function of electric field 
intensity at the graphene because the reflection coefficient of graphene is small 
(𝑟~0.01)33, 
𝛽 = 𝜋𝛼|1 + 𝑢9|$ = 0.6% (𝐴. 3) 
where 𝛽 is the absorption coefficient. We note that an engineered cavity could be used to 
enhance the absorption to  𝛽 = 𝜋𝛼|1 + 1|$ = 9.2%.  
A.2.  Photothermal Back-action Frequency Responsivity.  
Here we estimate the frequency shift due to photothermal backaction33. 
Depending on the location of the graphene membrane in the optical field of the cavity, 
this photothermal backaction could either enhance or weaken the GNB thermomechanical 
responsivity. Our modeling and calculations show that photothermal backaction does not 
cause a significant frequency shift in a GNB when compared to photothermal tensioning. 
The effective frequency 𝜔_ff and damping Γ_ff	due to photothermal backaction can be 
written as33 
𝜔_ff = 𝜔( y1 −
1
1 + 𝜔($𝜏$
∇𝐹
𝐾 	z
+
$
(𝐴. 4) 
 
69 
 
Γ_ff = Γy1 + 𝑄𝜔(𝜏	
1
1 + 𝜔($𝜏$
∇𝐹
𝐾 z
(𝐴. 5) 
where 𝜏 is the thermal response time, ∇𝐹 = :v425
:w
 is the derivative of the photothermal 
force as a function of displacement (ref. 33), and 𝐾 = 𝑚𝜔($ is the effective spring 
constant. Approximating 𝜔_ff with a series expansion, because ∇𝐹/𝐾 ≪ 1 for low 
absorbed powers, we obtain 
𝜔_ff ≈ 𝜔( y1 −
1
2(1 + 𝜔($𝜏$)
∇𝐹
𝐾 z = 𝜔( −
1
2
_
Γ_ff
Γ − 1
𝑄𝜏
` (𝐴. 6) 
Then, the frequency responsivity due to photothermal backaction, given by 𝑅L,x# =
%677?%'
%'N()*
, is the relative change in the effective resonance frequency with respect to 
absorbed power, is  
𝑅L,x# ≈
1
2
_
1
𝑄𝜔(𝜏
Γ_ff
Γ − 1
	𝑃GHI
` (𝐴. 7) 
In this work, we did not have a back-reflecting mirror to enhance cavity effects. 
Therefore, we use the measured results from Ref. 33 and assume an optimized 
photothermal backaction setup to estimate the upper limit of the frequency responsivity 
due to photothermal back-action. We use y677/y?+
	N()*
~2 mW-1, 𝑄~500, 𝑃GHI~𝑃a`z × 0.023, 
𝜔( = 2𝜋 × 5 MHz, and we estimate 𝜏~300 ns instead of the theoretical estimate 
provided in Ref. 33 to account for the slower than theoretically predicted thermal response 
time in suspended graphene42. The 𝜏~300 ns estimate used here is consistent with the 
thermal response time from our measurements and that of Dolleman et al.42 Altogether, 
we estimate 𝑅L,x#~10$ W-1 for a 10-micron drumhead with a back-reflecting mirror. 
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Therefore, the change in frequency due to photothermal back-action, even assuming a 
perfect reflecting back mirror, is a factor of 10$ − 10) lower than direct photothermal 
tensioning (see Supplementary Table 1 for 𝑅L.) Moreover, because for a given absorbed 
power and displacement the device heats up to a higher temperature resulting in a larger 
photothermal force—and thus ∇𝐹 ∝ 𝑅J— any enhancement to ∇𝐹 due to an increased 𝑅J 
would be canceled by an increase in thermal response time, where 𝜏 ∝ 𝑅J	. 
Consequently, the trampolines, which possess a larger 𝑅J, would see little if any 
enhancement in photothermal backaction when compared to the drumheads.    
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APPENDIX B 
 
Supporting material for chapter 5. From David Miller¨, Andrew Blaikie¨, 
Brittany Carter, Jayson Paulose, and Benjamín Alemán, “The Role of Wrinkles and 
Dissipation Dilution in Achieving a High Q factor in Graphene NEMS” In Preparation 
(2020), ¨Equally contributing author.  
 
B.1.  Derivation of Dissipation Dilution for a circular membrane.  
The quality factor for a mechanical resonator is defined as 𝑄 = ${	^
O^
 where 𝑊 is 
the total energy and Δ𝑊 is the dissipation. When extrinsic losses (such as clamping loss, 
thermoelastic damping, Joule heating, etc…) are small, the dissipation can be broken into 
elongational and bending terms, 𝑄 = 2𝜋 ^
O^.89",O^-."/
. 
In a highly strained NEMS device, Δ𝑊|VB* ≪ Δ𝑊S|*:. This means that the 
quality factor can simply be approximated as 𝑄 ≈ 2𝜋 ^
O^-."/
	. The dissipation is given80 
by the area integral	
Δ𝑊H_`M = 𝜋	𝜅$∫ (∇$𝑢)$	𝑑𝐴, (𝐵. 1) 
where 𝜅$ is the bending loss, and 𝑢 is the mode shape amplitude for a clamped circular 
plate, which must obey the boundary conditions ∇𝑈P`(𝑟 = 𝑎) = 0) and 𝑈P`(𝑟 = 𝑎) = 0. 
Likewise, the total energy can also be determined80 from the mode shape  
𝑊 = 2𝜌	𝜋$𝑓$∫ 𝑢$	𝑑𝐴, (𝐵. 2) 
where 𝑓 is the resonance frequency and 𝜌 is the 2D mass density. The quality factor can 
then be written as  
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𝑄 =
4	𝜋$𝑓$𝜌
𝜅$
∫𝑢$ 𝑑𝐴
∫ (∇$𝑢)$	𝑑𝐴
. (𝐵. 3) 
For a circular drumhead, we convert to polar coordinates and use a change of 
variables to simplify Equation B.3 to 
𝑄 =
4	𝜋$𝑓$𝜌
𝜅$
⎝
⎛ 𝑎
$ ∫ ∫ 𝑟	𝑢(𝑟, 𝜃)$$t( 	𝑑𝜃
+
( 𝑑𝑟
1
𝑎$ ∫ ∫ 𝑟	 /
𝜕$𝑢(𝑟, 𝜃)
𝜕𝑟$ +
1
𝑟
𝜕𝑢(𝑟, 𝜃)
𝜕𝑟 +
1
𝑟$
𝜕$𝑢(𝑟, 𝜃)
𝜕𝜃$ 3
$
$t
( 	𝑑𝜃
+
( 𝑑𝑟⎠
⎞ , (𝐵. 4) 
where 𝑓 is the resonance frequency of the fundamental mode and 𝑎 is the radius of the 
circular membrane. Therefore, to come up with a formula for the quality factor, we only 
need the mode shape 𝑢[𝑟, 𝜃] and the resonance frequency 𝑓(. The typical membrane 
approximation for the mode shape for this calculation is insufficient because significant 
bending occurs near the clamped region. Instead, we use the full solution for a clamped 
circular plate29 to get the mode shape  
𝑢(𝑟, 𝜃) = 𝐴c𝐽* J𝛼
𝑟
𝑎K −
𝐽*(𝛼)
𝐼*(𝛽)
𝐼* J𝛽
𝑟
𝑎Kd cos
(𝑛𝜃) , (𝐵. 5) 
where 𝐽* is the Bessel function of the first kind, 𝐼* is the modified Bessel function of the 
first kind, 𝑎 is the membrane radius, and 𝐴 is an amplitude normalization parameter 
(there exists a similar equation with sin(𝑛𝜃) in place of cos(𝑛𝜃)). The parameters 𝛼 and 
𝛽 are determined from the coupled equations 
𝛼
𝐽*,+(𝛼)
𝐽*(𝛼)
+ 𝛽
𝐼*,+(𝛽)
𝐼*(𝛽)
= 0, (𝐵. 6) 
𝛽$ − 𝛼$ =
𝜎𝑎$
𝜅+
≝
1
𝜆$
, (𝐵. 7) 
where 𝜅+ is the bending stiffness, 𝜎 is the 2D in plane stress, and 𝜆 is defined as the 
dilution parameter. The first term in Equation B.5, 𝐽* J𝛼
-
.
K, is the mode shape using the 
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membrane approximation, and the second, 𝐼( J𝛽
-
.
K	term, adjusts the mode shape to 
account for the clamped edges. Plugging in the equation for the resonance frequency of a 
circular plate29, 𝑓 = /
$t	.	h
&
0
	J1 + /
!'$
.!&
K
+/$
, the complete analytic formula for the quality 
factor can be written as 
𝑄 =
𝜅+
𝜅$
𝛼$
𝜆$
(1 + 𝜆$𝛼$) ∫ ∫ 𝑟	𝑢(𝑟, 𝜃)$$t( 	𝑑𝜃
+
( 𝑑𝑟
∫ ∫ 𝑟	 /𝜕
$𝑢(𝑟, 𝜃)
𝜕𝑟$ +
1
𝑟
𝜕𝑢(𝑟, 𝜃)
𝜕𝑟 +
1
𝑟$
𝜕$𝑢(𝑟, 𝜃)
𝜕𝜃$ 3
$
$t
( 	𝑑𝜃
+
( 𝑑𝑟
, (𝐵. 8)
 
where Equations 5, 6, and 7 give 𝑢(𝑟, 𝜃). 
We assume that 𝜆 = h '$&.! ≪	1, which is expected based on the values of stress, 
radius, and bending stiffness. With this assumption, we make a few approximations, 
namely that 𝛽 ≫ 0, which allows us to assume, 2"#$(4)
2"(4)
→ 1, which then allows us to 
simplify Equation B.6 to  
𝐽*(𝛼) +
𝛼
𝛽 𝐽*,+(𝛼) ≈ 0.
(𝐵. 9) 
Therefore, since 𝛽 ≫ 0, we can approximate 𝛼 is the root of the equation 𝐽*(𝛼) ≈ 0. 
Therefore, we can approximate Equation B.5 as  
𝑢(𝑟, 𝜃) ≈ 𝐴c𝐽* J𝛼
𝑟
𝑎K +
𝛼
𝛽
𝐽*,+(𝛼)
𝐼*(𝛽)
𝐼* J𝛽
𝑟
𝑎Kd cos
(𝑛𝜃) (𝐵. 10) 
where 𝛼 is the solution to 𝐽*(𝛼) = 0 and 𝛽 is determined by material parameters 𝛽 ≈
h&.
!
'$
= 1/𝜆. In the membrane approximation regime 𝜆 ≪ 1, the resonance frequency 
approaches the membrane approximation 𝑓( ≈
/
$t	.	h
&
0
	, which we can use to simplify 
Equation B.8 to 
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𝑄 =
𝜅+
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( 𝑑𝑟
. (𝐵. 11)
 
A few assumptions to Equation B.11 can be made by examining the mode shape, 
Equation B.10. First, for the numerator we approximate the mode shape 
: : 𝑟	𝑢(𝑟, 𝜃)$
$t
(
	𝑑𝜃
+
(
𝑑𝑟 ≈ 𝐴: : 𝑟𝐽* J𝛼
𝑟
𝑎K
$$t
(
+
(
cos(𝑛𝜃)$ 𝑑𝜃	𝑑𝑟, (𝐵. 12) 
because the clamping, 𝐼( J𝛽
-
.
K term, in Equation B.10 is zero for most of the integral. 
Next plug in Equation B.10 into Equation B.11, with the approximation defined in 
Equation B.12, to obtain  
𝑄 =
𝜅+
𝜅$
	
	𝛼$	
𝜆$
∫ 𝑟	𝐽*(𝛼	𝑟)$
+
( 	𝑑𝑟
∫ 𝑟	 /𝛼$𝐽*(𝛼	𝑟) + /
𝛼
𝛽
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𝐼*(𝛽)
3 𝛽$	𝐼*(𝛽	𝑟)3
$
𝑑𝑟+(
. (𝐵. 13) 
The cross term in the denominator, ∝ 𝐼*(𝛽	𝑟) × 𝐽*(𝛼	𝑟), can be dropped because there is 
little overlap between 𝐼*(𝛽	𝑟) and 𝐽*(𝛼	𝑟)over the range of the integral. Dropping this 
cross term, we simplify Equation B.12 further 
𝑄 =
𝜅+
𝜅$
	
	𝛼$	
𝜆$
∫ 𝑟	𝐽*(𝛼	𝑟)$
+
( 	𝑑𝑟
∫ 𝑟	𝛼)𝐽*(𝛼	𝑟)$	𝑑𝑟
+
( + /
𝐽*,+(𝛼)
𝐼*(𝛽)
3
$
∫ 𝑟	𝛼$𝛽$	𝐼*(𝛽	𝑟)$𝑑𝑟
+
(
. (𝐵. 14) 
Solve the integrals to obtain 
𝑄 =
𝜅+𝛼$
𝜅$𝜆$
×
⎝
⎛ 𝐽*?+(𝛼)
$
𝛼)		𝐽*?+(𝛼)$ +	𝛼$	𝛽$ /
𝐽*,+(𝛼)
𝐼*(𝛽)
3
$
	/𝐼*(𝛽)$ + 2𝑛
𝐼*?+(𝛽)𝐼*(𝛽)
𝛽 − 𝐼*?+(𝛽)
$3⎠
⎞ . (𝐵. 15)
 
Since 𝛽 ≫ 0, we can utilize the asymptotic approximation, 
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𝐼*(𝛽) ≈
𝑒4
u2𝜋𝛽
y1 −
4𝑛$ − 1
8	𝛽 z .
(𝐵. 16) 
Using Equation B.16 allows us to simplify the expression by only keeping the terms of 
highest order in 𝛽, where 
𝐼*(𝛽)$ +
2𝑛
𝛽 𝐼*?+(𝛽)𝐼*(𝛽) − 𝐼*?+(𝛽)
$
𝐼*(𝛽)$
≈
1
𝛽
. (𝐵. 17) 
Since 𝐽*(𝛼) ≈ 0 we can assume that J
}"#$(/)
}":$(/)
K
$
≈ 1 by applying the Bessel identity 
𝑛𝐽*(𝑥) =
+
$
𝑥¢𝐽6?+(𝑥) + 𝐽6,+(𝑥)£. Now the equation for the quality factor can be 
written in its most basic form 
𝑄 = 𝑄( 	
	1
𝜆	
(1 + 𝜆	𝛼$)?+, (𝐵. 18) 
where 𝑄( = 𝜅+/𝜅$ is the ratio of the real to imaginary bending stiffness and is called the 
intrinsic quality factor. 
To compare how well the analytic approximation, Equation B.18, compares with 
the exact solution, Equations B.5-8, we evaluated the exact solution numerically and 
compared the results to the analytic solution in Figure B.1. For the values of the dilution 
factor fitted in this work 𝜆 < 0.1, the analytic approximation has minimal errors when 
compared to the exact theory.  
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B.2.  Three-parameter fit method for the frequency-gate response curves. 
We find that the robustness of this method is highly dependent on both the shape 
of the curve (mainly the depth of the local minima) as well as the how large a range of 
gate voltages are measured (which is often set arbitrarily in previous work). Previous 
work that used a similar fit found that the theory matched the data only a reasonably low 
gate voltages33. One cause of this fitting discrepancy at high voltages is correlations in 
the parametersof the least-squares fitting function, which become highly correlated when 
the concave section of 𝑓(𝑉!") becomes small compared to the concave up part of the 
curve. This high fit correlation value leads to diverging values of the fitted parameters 
and a three-parameter fit method is no longer appropriate. To apply a consistent fitting 
method across the large dataset of devices, we implement a consistent algorithm. 
Figure B.1. Dilution factor analytic approximation plotted against the numerical 
solution. a)  The real analytic solution is drawn as a solid line and the complete numeric 
solution is plotted as circles. b) The percent error between the analytic solution and the 
numeric exact solution. For 𝜆 < 0.1 the analytic approximation and the numerical 
solution have less than 5% error.   
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For these measurements, we perform a non-linear least-squares fit to obtain the 
best fit the in-plane stress 𝑇 (previously 𝜎), in-plane modulus 𝑌, and mass per-unit-area 𝜌 
for successively larger windows around the mechanical charge neutrality point. We also 
measure the parameter correlations for each window. We set a cutoff of 〈𝑌, 𝜌〉 < .95 and 
〈𝑌, 𝑇〉 < .95  and take the last voltage window before this criterion is met and use that as 
our best fit-parameters. In practice, this turns out to occur at voltages slightly larger than 
local-minima. Furthermore, we only perform this fit on devices with a large enough 
radius such that the local-minima dip arising from the − ;'~;<
!
:=0
 term in Equation 3.50 is 
prevalent.  
The results of this fitting procedure on the graphene drumhead dataset is plotted 
in Figure B.2.  From this data we note several trends, there is large variation, up to 300%, 
in tension and elastic modulus across the drumheads, see Figure B.2a-b. However, the 
amount of contaminant mass as determined through this method leads to only a 10% 
variation, see Figure B.2d-e. This contaminant mass per unit area is relatively consistent 
across the sample because all drumheads were fabricated using the same polymer 
transfer. Therefore, by using the average value 𝜌G7D = 9.64𝜌D and the equation for the 
resonance frequency of a circular membrane, we are able to obtain accurate estimates of 
the tension, see Figure B.2f.  
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Figure B.2. Elastic properties from 3-parameter fit and approximate value of the mass 
density. (a-c) Mass density, tension, and 2D modulus vs. diameter obtained directly by 
fitting the gate-frequency response curves. Outliers for the smaller diameter devices are 
likely the result of mis-fitting, rather than the true mechanical properties. The average 
mass density in (b) for the 11.6 μm diameter devices is 𝜌.A = 9.64𝜌 ±	 .91𝜌. (d) 
Resonance frequency vs. device diameter. (e) Approximate tension vs. device diameter 
using 𝑓( and 𝜌.A. This value of the tension is used throughout the main text rather than 
those shown in (b). 𝑄 vs. device diameter. 
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